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Mathematical Practice Standards (MP) summary of each standard

1. Make sense of problems and persevere in solving them.

Mathematically proficient students interpret and make meaning of the problem looking for starting
points. They analyze what is given to find the meaning of the problem. They plan a solution pathway
instead of jumping to a solution. These students can monitor their progress and change the approach if
necessary. They see relationships between various representations. They relate current situations to
concepts or skills previously learned and connect mathematical ideas to one another. In grade 6,
students solve problems involving ratios and rates and discuss how they solved them. Students solve
real world problems through the application of algebraic and geometric concepts. Students seek the
meaning of a problem and look for efficient ways to represent and solve it. They may check their
thinking by asking themselves, “What is the most efficient way to solve the problem?”, “Does this
make sense?”, and “Can | solve the problem in a different way?”

2. Reason abstractly and quantitatively.

Mathematically proficient students make sense of quantities and their relationships. They are able to
decontextualize (represent a situation symbolically and manipulate the symbols) and contextualize

(make meaning of the symbols in a problem) quantitative relationships. Younger students recognize that a
number represents a specific quantity. They connect the quantity to written symbols. Quantitative
reasoning entails creating a representation of a problem while attending to the meanings of the
guantities, not just how to compute them. In grade 6, students represent a wide variety of real world
contexts through the use of real numbers and variables in mathematical expressions, equations, and
inequalities. Students contextualize to understand the meaning of the number or variable as related to
the problem and decontextualize to manipulate symbolic representations by applying properties of
operations.

3. Construct viable arguments and critique the reasoning of others.

Mathematically proficient students analyze problems and use stated mathematical assumptions,
definitions, and established results in constructing arguments. First graders construct arguments using
concrete referents, such as objects, pictures, drawings, and actions. In grade 6, students construct
arguments using verbal or written explanations accompanied by expressions, equations, inequalities,
models, and graphs, tables, and other data displays (i.e. box plots, dot plots, histograms, etc.). They
further refine their mathematical communication skills through mathematical discussions in which they
critically evaluate their own thinking and the thinking of other students. They pose questions like “How
did you get that?”, “Why is that true?” “Does that always work?” They explain their thinking to others
and respond to others’ thinking.

4. Model with mathematics.

Mathematically proficient students understand that models are a way to reason quantitatively and
abstractly (able to decontextualize and contextualize). In grade 6, students model problem situations
symbolically, graphically, tabularly, and contextually. Students form expressions, equations, or
inequalities from real world contexts and connect symbolic and graphical representations. Students begin
to explore covariance and represent two quantities simultaneously. Students use number lines to
compare numbers and represent inequalities. They use measures of center and variability and data
displays (i.e. box plots and histograms) to draw inferences about and make comparisons between data
sets. Students need many opportunities to connect and explain the connections between the different
representations. They should be able to use all of these representations as appropriate to a problem
context. 1
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Mathematical Practice Standards (MP) summary of each standard

5. Use appropriate tools strategically.

Mathematically proficient students use available tools recognizing the strengths and limitations of each.
Students consider available tools (including estimation and technology) when solving a mathematical
problem and decide when certain tools might be helpful. For instance, students in grade 6 may decide to
represent similar data sets using dot plots with the same scale to visually compare the center and
variability of the data. Additionally, students might use physical objects or applets to construct nets and
calculate the surface area of three-dimensional figures.

6. Attend to precision.

Mathematically proficient students communicate precisely with others and try to use clear mathematical
language when discussing their reasoning. They understand meanings of symbols used in mathematics
and can label quantities appropriately. In grade 6, students continue to refine their mathematical
communication skills by using clear and precise language in their discussions with others and in their own
reasoning. Students use appropriate terminology when referring to rates, ratios, geometric figures, data
displays, and components of expressions, equations or inequalities.

7. Look for and make use of structure. (Deductive Reasoning)

Mathematically proficient students apply general mathematical rules to specific situations. They look for
the overall structure and patterns in mathematics. Students routinely seek patterns or structures to
model and solve problems. For instance, students recognize patterns that exist in ratio tables recognizing
both the additive and multiplicative properties. Students apply properties to generate equivalent
expressions (i.e. 6 + 2x = 2 (3 + x) by distributive property) and solve equations (i.e. 2c + 3 =15, 2c =12 by
subtraction property of equality; c=6 by division property of equality). Students compose and decompose
two- and three-dimensional figures to solve real world problems involving area and volume.

8. Look for and express regularity in repeated reasoning. (Inductive Reasoning)

Mathematically proficient students see repeated calculations and look for generalizations and shortcuts.
In grade 6, students use repeated reasoning to understand algorithms and make generalizations about
patterns. During multiple opportunities to solve and model problems, they may notice that a/b = ¢/d =
ad/bc and construct other examples and models that confirm their generalization. Students connect place
value and their prior work with operations to understand algorithms to fluently divide multi-digit numbers
and perform all operations with multi-digit decimals. Students informally begin to make connections
between covariance, rates, and representations showing the relationships between quantities.



Summary of Standards for Mathematical Practice

Questions to Develop Mathematical Thinking

1. Make sense of problems and persevere in solving them.

Interpret and make meaning of the problem looking for starting
points. Analyze what is given to explain to themselves the
meaning of the problem.

Plan a solution pathway instead of jumping to a solution.

Can monitor their progress and change the approach if
necessary.

See relationships between various representations.

Relate current situations to concepts or skills previously
learned and connect mathematical ideas to one another.

Can understand various approaches to solutions.
Continually ask themselves; “Does this make sense?”

How would you describe the problem in your own words?
How would you describe what you are trying to find?
What do you notice about...?

What information is given in the problem?

Describe the relationship between the quantities.
Describe what you have already tried.

What might you change?

Talk me through the steps you’ve used to this point.
What steps in the process are you most confident about?
What are some other strategies you might try?

What are some other problems that are similar to this one?
How might you use one of your previous problems to help
you begin?

How else might you organize...represent... show...?

2. Reason abstractly and quantitatively.
Make sense of quantities and their relationships.

Are able to decontextualize (represent a situation symbolically
and manipulate the symbols) and contextualize (make meaning
of the symbols in a problem) quantitative relationships.

Understand the meaning of quantities and are flexible in the use
of operations and their properties.

Create a logical representation of the problem.

Attends to the meaning of quantities, not just how to compute
them.

What do the numbers used in the problem represent?
What is the relationship of the quantities?

How is related to ?

What is the relationship between and ?

What does mean to you? (e.g. symbol, quantity,
diagram)

What properties might we use to find a solution?

How did you decide in this task that you needed to use...?

Could we have used another operation or property to solve
this task? Why or why not?

3. Construct viable arguments and critique the reasoning
of others.

Analyze problems and use stated mathematical assumptions,
definitions, and established results in constructing arguments.

Justify conclusions with mathematical ideas.

Listen to the arguments of others and ask useful questions to
determine if an argument makes sense.

Ask clarifying questions or suggest ideas to improve/revise the
argument.

Compare two arguments and determine correct or flawed logic.

What mathematical evidence would support your solution?
How can we be sure that...? /How could you prove that...?
Will it still work if...?
What were you considering when...?
How did you decide to try that strategy?
How did you test whether your approach worked?
How did you decide what the problem was asking you
to find? (What was unknown?)
Did you try a method that did not work? Why didn’t it work?
Would it ever work? Why or why not?
What is the same and what is different about...?
How could you demonstrate a counter-example?

4, Model with mathematics.

Understand this is a way to reason quantitatively and abstractly
(able to decontextualize and contextualize).

Apply the math they know to solve problems in everyday life.

Are able to simplify a complex problem and identify important
quantities to look at relationships.

Represent mathematics to describe a situation either with an
equation or a diagram and interpret the results of a
mathematical situation.

Reflect on whether the results make sense, possibly improving or
revising the model.

Ask themselves, “How can | represent this mathematically?”

What number model could you construct to represent the
problem?

What are some ways to represent the quantities?

What’s an equation or expression that matches the
diagram..., number line.., chart..., table..?

Where did you see one of the quantities in the task in your
equation or expression?

Would it help to create a diagram, graph, table...?

What are some ways to visually represent...?

What formula might apply in this situation?




Summary of Standards for Mathematical Practice

Questions to Develop Mathematical Thinking

5. Use appropriate tools strategically.
Use available tools recognizing the strengths and limitations of
each.

Use estimation and other mathematical knowledge to detect
possible errors.

Identify relevant external mathematical resources to pose and
solve problems.

Use technological tools to deepen their understanding of
mathematics.

What mathematical tools could we use to visualize and
represent the situation?

What information do you have?

What do you know that is not stated in the problem?

What approach are you considering trying first?

What estimate did you make for the solution?

In this situation would it be helpful to use...a graph...,
number line..., ruler..., diagram..., calculator...,
manipulative?

Why was it helpful to use...?

What can using a show us, that may not?

In what situations might it be more informative or

helpful to use...?

&

Attend to precision.

Communicate precisely with others and try to use clear
mathematical language when discussing their reasoning.

Understand meanings of symbols used in mathematics and can
label quantities appropriately.

Express numerical answers with a degree of precision
appropriate for the problem context.

Calculate efficiently and accurately.

What mathematical terms apply in this situation?

How did you know your solution was reasonable?

Explain how you might show that your solution answers the
problem.

Is there a more efficient strategy?

How are you showing the meaning of the quantities?

What symbols or mathematical notations are important in
this problem?

What mathematical language...,definitions..., properties
can you use to explain...?

How could you test your solution to see if it answers the
problem?

7. Look for and make use of structure.

Apply general mathematical rules to specific situations.
Look for the overall structure and patterns in mathematics.

See complicated things as single objects or as being composed of
several objects.

What observations do you make about...?

What do you notice when...?

What parts of the problem might you eliminate...,simplify...?

What patterns do you find in...?

How do you know if something is a pattern?

What ideas that we have learned before were useful in
solving this problem?

What are some other problems that are similar to this one?

How does this relate to...?

In what ways does this problem connect to other
mathematical concepts?

8. Look for and express regularity in repeated reasoning.

See repeated calculations and look for generalizations and
shortcuts.

See the overall process of the problem and still attend to the
details.

Understand the broader application of patterns and see the
structure in similar situations.

Continually evaluate the reasonableness of their intermediate
results.

Will the same strategy work in other situations?

Is this always true, sometimes true or never true?

How would we prove that...?

What do you notice about...?

What is happening in this situation?

What would happen if...?

Is there a mathematical rule for...?

What predictions or generalizations can this pattern
support?

What mathematical consistencies do you notice ?
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Mathematics Standards for High School

The high school standards specify the mathematics that all students should study in order to be college and career
ready. Additional mathematics that students should learn in fourth credit courses or advanced courses such as
calculus, advanced statistics, or discrete mathematics is indicated by (+).

All standards without a (+) symbol should be in the common mathematics curriculum for all college and career ready
students. Standards with a (+) symbol may also appear in courses intended for all students.

The high school standards are listed in conceptual categories: Number and Quantity, Algebra, Functions, Modeling,
Geometry, and Statistics and Probability. Conceptual categories portray a coherent view of high school mathematics;
a student’s work with functions, for example, crosses a number of traditional course boundaries, potentially up
through and including calculus.

Modeling is best interpreted not as a collection of isolated topics but in relation to other standards. Making
mathematical models is a Standard for Mathematical Practice, and specific modeling standards appear throughout the
high school standards indicated by a star symbol (%).

Number and Quantity
e The Real Number System (N-RN)
e Quantities (N-Q)
e The Complex Number System (N-CN)
e Vector and Matrix Quantities (N-VM) +

Algebra
e Seeing Structure in Expressions (A-SSE)
e Arithmetic with Polynomials and Rational Expressions (A-APR)
e Creating Equations (A-CED)
e Reasoning with Equations and Inequalities (A-REI)

Functions
e Interpreting Functions (F-IF)
e Building Functions (F-BF)
e Linear, Quadratic, and Exponential Models (F-LE) %
e Trigonometric Functions (F-TF)

Modeling

Geometry
e Congruence (G-CO)
e Similarity, Right Triangles, and Trigonometry (G-SRT)
e Circles (G-C)
e Expressing Geometric Properties with Equations (G-GPE)
e Geometric Measurement and Dimension (G-GMD)
e Modeling with Geometry (G-MG) *

Statistics and Probability
e Interpreting Categorical and Quantitative Data (S-ID)
e Making Inferences and Justifying Conclusions (S-IC)
e Conditional Probability and the Rules of Probability (S-CP)
e Using Probability to Make Decisions (S-MD) + 5







Conceptual Category Modeling

(RETURN TO PG. 5)

Modeling links classroom mathematics and statistics to everyday life, work, and decision-making. Modeling is the
process of choosing and using appropriate mathematics and statistics to analyze empirical situations, to understand
them better, and to improve decisions. Quantities and their relationships in physical, economic, public policy, social,
and everyday situations can be modeled using mathematical and statistical methods. When making mathematical
models, technology is valuable for varying assumptions, exploring consequences, and comparing predictions with
data.

A model can be very simple, such as writing total cost as a product of unit price and number bought, or using a
geometric shape to describe a physical object like a coin. Even such simple models involve making choices. Itis up
to us whether to model a coin as a three-dimensional cylinder, or whether a two-dimensional disk works well
enough for our purposes. Other situations—modeling a delivery route, a production schedule, or a comparison of
loan amortizations —need more elaborate models that use other tools from the mathematical sciences. Real-
world situations are not organized and labeled for analysis; formulating tractable models, representing such
models, and analyzing them is appropriately a creative process. Like every such process, this depends on acquired
expertise as well as creativity.

Some examples of such situations might include:

e Estimating how much water and food is needed for emergency relief in a devastated city of 3 million people,
and how it might be distributed.

¢ Planning a table tennis tournament for 7 players at a club with 4 tables, where each player plays against each
other player.

¢ Designing the layout of the stalls in a school fair so as to raise as much money as possible.

e Analyzing stopping distance for a car.

¢ Modeling savings account balance, bacterial colony growth, or investment growth.

e Engaging in critical path analysis, e.g., applied to turnaround of an aircraft at an airport.

¢ Analyzing risk in situations such as extreme sports, pandemics, and terrorism.

e Relating population statistics to individual predictions.

In situations like these, the models devised depend on a number of factors: How precise an answer do we want or
need? What aspects of the situation do we most need to understand, control, or optimize? What resources of time
and tools do we have? The range of models that we can create and analyze is also constrained by the limitations of
our mathematical, statistical, and technical skills, and our ability to recognize significant variables and relationships
among them. Diagrams of various kinds, spreadsheets and other technology, and algebra are powerful tools for
understanding and solving problems drawn from different types of real-world situations.

One of the insights provided by mathematical modeling is that essentially the same mathematical or statistical
structure can sometimes model seemingly different situations. Models can also shed light on the mathematical
structures themselves, for example, as when a model of bacterial growth makes more vivid the explosive growth of
the exponential function.

Continued on next page
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The basic modeling cycle is summarized in the diagram. It involves:
(1) identifying variables in the situation and selecting those that represent essential features,

(2) formulating a model by creating and selecting geometric, graphical, tabular, algebraic, or statistical
representations that describe relationships between the variables,

(3) analyzing and performing operations on these relationships to draw conclusions,
(4) interpreting the results of the mathematics in terms of the original situation,

(5) validating the conclusions by comparing them with the situation, and then either improving the model or, if it
is acceptable,

(6) reporting on the conclusions and the reasoning behind them. Choices, assumptions, and approximations are
present throughout this cycle.

= -

In descriptive modeling, a model simply describes the phenomena or summarizes them in a compact form.
Graphs of observations are a familiar descriptive model—for example, graphs of global temperature and
atmospheric CO, over time.

Analytic modeling seeks to explain data on the basis of deeper theoretical ideas, albeit with parameters that are
empirically based; for example, exponential growth of bacterial colonies (until cut-off mechanisms such as
pollution or starvation intervene) follows from a constant reproduction rate. Functions are an important tool for
analyzing such problems.

Graphing utilities, spreadsheets, computer algebra systems, and dynamic geometry software are powerful tools
that can be used to model purely mathematical phenomena (e.g., the behavior of polynomials) as well as physical
phenomena.

Modeling Standards Modeling is best interpreted not as a collection of isolated topics but rather in relation to
other standards. Making mathematical models is a Standard for Mathematical Practice, and specific modeling
standards appear throughout the high school standards indicated by a star symbol (%).



Conceptual Category Number and Quantity

Numbers and Number Systems. During the years from kindergarten to eighth grade, students must
repeatedly extend their conception of number. At first, “number” means “counting number”: 1, 2, 3....
Soon after that, 0 is used to represent “none” and the whole numbers are formed by the counting
numbers together with zero. The next extension is fractions. At first, fractions are barely numbers and
tied strongly to pictorial representations. Yet by the time students understand division of fractions, they
have a strong concept of fractions as numbers and have connected them, via their decimal
representations, with the base-ten system used to represent the whole numbers. During middle school,
fractions are augmented by negative fractions to form the rational numbers. In Grade 8, students
extend this system once more, augmenting the rational numbers with the irrational numbers to form the
real numbers. In high school, students will be exposed to yet another extension of number, when the
real numbers are augmented by the imaginary numbers to form the complex numbers.

With each extension of number, the meanings of addition, subtraction, multiplication, and division are
extended. In each new number system—integers, rational numbers, real numbers, and complex
numbers—the four operations stay the same in two important ways: They have the commutative,
associative, and distributive properties and their new meanings are consistent with their previous
meanings.

Extending the properties of whole-number exponents leads to new and productive notation.
For example, properties of whole-number exponents suggest that (5°)° should be 53 =51 = 5 and
that 5% should be the cube root of 5.

Calculators, spreadsheets, and computer algebra systems can provide ways for students to become
better acquainted with these new number systems and their notation. They can be used to generate
data for numerical experiments, to help understand the workings of matrix, vector, and complex
number algebra, and to experiment with non-integer exponents.

Quantities. In real world problems, the answers are usually not numbers but quantities: numbers with
units, which involves measurement. In their work in measurement up through Grade 8, students
primarily measure commonly used attributes such as length, area, and volume. In high school, students
encounter a wider variety of units in modeling, e.g., acceleration, currency conversions, derived
guantities such as person-hours and heating degree days, social science rates such as per-capita income,
and rates in everyday life such as points scored per game or batting averages. They also encounter novel
situations in which they themselves must conceive the attributes of interest. For example, to find a good
measure of overall highway safety, they might propose measures such as fatalities per year, fatalities per
year per driver, or fatalities per vehicle-mile traveled. Such a conceptual process is sometimes called
guantification. Quantification is important for science, as when surface area suddenly “stands out” as an
important variable in evaporation. Quantification is also important for companies, which must
conceptualize relevant attributes and create or choose suitable measures for them.

Number and
Quantity

—_—_———
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Number and Quantity Standards Overview

Note: The standards identified with a (+) contain additional mathematics that students should learn in order to take
advanced courses such as calculus, advanced statistics or discrete mathematics that go beyond the mathematics that
all students should study in order to be college- and career-ready. Explanations and examples of these standards are
not included in this document.

Modeling Standards: Specific modeling standards appear throughout the high school standards indicated by a star
symbol (%). (RETURN TO PG. 5)

The Real Number System (N-RN)

» Extend the properties of exponents to rational exponents.
N.RN.1  N.RN.2

e Use properties of rational and irrational numbers.
N.RN.3

Quantities (x) (N-Q)
e Reason quantitatively and use units to solve problems.
N.Q.1 (x) N.Q.2 (x) N.Q.3 (%)

The Complex Number System (N-CN)

e Perform arithmetic operations with complex numbers.
N.CN.1  N.CN.2  N.CN.3(+)

e Represent complex numbers and their operations on the complex plane. (+)
N.CN.4(+) N.CN.5(+)  N.CN.6 (+)

e Use complex numbers in polynomial identities and equations.
N.CN.7 N.CN.8(+)  N.CN.9 (+)

Vector and Matrix Quantities (+) (N-VM)

The standards in this domain go beyond the mathematics that all students should study in order to be college- and career-
ready. The clusters and standards listed are not included in this document.

e Represent and model with vector quantities.
N.VM.1 N.VM.2 N.VM.3

e Perform operations on vectors.
N.VM.4  N.VM.5

e Perform operations on matrices and use matrices in applications.
N.VM.6 N.VM.7 N.VM.8 N.VM.9 N.VM.10 N.VM.11 N.VM.12



Number and Quantity: The Real Number System (N-RN)

Cluster: Extend the properties of exponents to rational exponents.

Standard: N.RN.1 Explain how the definition of the meaning of rational exponents follows from extending the
properties of integer exponents to those values, allowing for a notation for radicals in terms of rational exponents.
For example, we define 5 to be the cube root of 5 because we want (57°)° = 5 to hold, so (5"°)’ must equal 5.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of structure.
MP.3 Construct viable arguments and critique the reasoning of others.

Connections: N.RN.1-2

Integer exponents (both positive and negative) and radicals were studied in Grade 8. In this cluster, students expand
the concept of exponent to include fractional exponents and make a connection to radicals. In more advanced courses,
rational exponents will be extended to irrational exponents by means of exponential and logarithmic functions.

For example, the definitions for integer and rational exponents will allow for the next step a definition of irrational
exponents, such as 2% or 21414213+ 314 then a new class of functions — exponential functions of the form f(x) =b”
where b # 1, b > 0. The domain of this class of functions (the x values) is all real numbers (rational and irrational) and
the range is the set of all positive real numbers.)

Explanations and Examples: N.RN.1

Understand that the denominator of the rational exponent is the root index and the numerator is the exponent of the
radicand. For example, 52 =5

Students extend the properties of exponents to justify that (5%%)*= 5

Example Task:

The goal of this task is to develop an understanding of why rational exponents are defined as they are (N-RN.1),
however it also raises important issues about distinguishing between linear and exponential behavior (F-LE.1c) and it
requires students to create an equation to model a context (A-CED.2)

e Abiology student is studying bacterial growth. She was surprised to find that the population of the bacteria doubled
every hour.

a. Complete the following table and plot the data.

‘ Hours into study H 0 H 1 H 2 H 3 H 4 ‘
‘ Population (thousands) H 4 H H H H ‘

b. Write an equation for P, the population of the bacteria, as a function of time, t, and verify that it produces correct
populationsfort=1, 2, 3, and 4.

Continued on next page
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Explanations and Examples: N.RN.1

c. The student conducting the study wants to create a table with more entries; specifically, she wants to fill in the

population at each half hour. However, she forgot to make these measurements so she wants to estimate the
values.

Instead she notes that the population increases by the same factor each hour, and reasons that this property
should hold over each half-hour interval as well. Fill in the part of the below table that you've already
computed, and decide what constant factor she should multiply the population by each half hour in order to
produce consistent results. Use this multiplier to complete the table:

Hours into study 0 % 1 % 2

Population (thousands) 4

d. What if the student wanted to estimate the population every 20 minutes instead of every 30 minutes.

What multiplier would be necessary to be consistent with the population doubling every hour?
Use this multiplier to complete the following table:

1
Hours into study 0 3

wI|N
[
WD
w|wu
N

Population (thousands) 4

L 1
e. Use the population context to explain why it makes sense that we define 22 to be V2 and 27 as VZ_

f. Another student working on the bacteria population problem makes the following claim:

If the population doubles in 1 hour, then half that growth occurs in the first half-hour and the other half

1
occurs in the second half-hour. So for example, we can find the population at t = B by finding the average

of the populations at t =0and t = 1.

Comment on this idea. How does it compare to the multipliers generated in the previous problems?
For what kind of function would this reasoning work?

Solution:
a.

‘ Hours into study H 0 H 1 H 2 H 3 H 4 ‘
‘ Population (thousands) H 4 H 8 H 16 H 32 H 64 ‘

Solution continued on next page
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Explanations and Examples: N.RN.1

a. Students would be expected to find these values by repeatedly multiplying by 2. The plot below consists
of the exponential function P (t) = 4 - 2t which students will derive in the next part. The plot of the data
alone would consist of the 5 blue points.

70

Population (thousands)
W s 0 &
Q@ QO Q Q o

—
o

Time (seconds)

b. The equationis P = 4(2)t, since as we tallied above via repeated multiplication, we have 4(2)1 =38, 4(2)2 =16,
4(2)3 =32, 4(2)* = 64, etc.

c.
. 1 3 5
Hours into study 0 > 1 > 2 > 3
Population (thousands) 4 5.657 8 11.314 16 22.627 32
Let x be the multiplier for the half-hour time interval. Then since going forward a full hour in time has the effect
of multiplying the population by x2, we must have x2 = 2, and so the student needs to multiply byv/2 every half
hour.
d.
. 1 2 4 5
Hours into study 0 3 3 1 3 3 2
Population (thousands) 4 5.010 || 6.350 8 10.079 || 12.699 16

Similarly, since waiting three 20-minute intervals should double the population, the new multiplier has to satisfy
X - x - x = 2, which gives x* = 2. So you would need to multiply by ifZ_ every 20 minutes to have the effect of
doubling every hour.

e. We already know that the equation for population is P = 4(2)" when t is a natural number. Given this it's

reasonable to use the expression P( —) = 4(2)2 to define V2. However, we reasoned above that P(—) =4. \/_
L

and equating the two gives 22 -\/_ Similarly, equating the expression P( ) 23 W|th the calculation P( )— \;’—

gives the reasonable definition 23= ﬁ
Solution continued on next page
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Explanations and Examples: N.RN.1

f. The reasoning mistakenly assumes linear growth within each hour, i.e., that the amount of population growth
is the same each half hour. We know instead that the percentage growth is constant, not the raw change in
population. If we were to apply the faulty reasoning to the first hour, we would get the following values:

Hours into study 0 % 1

Population (thousands) 4 6 8

1
However, this does not have constant percentage growth: fromt=0tot = B this population grew by 50%

1
(ratio = 1.5), but then from t = 3 to t = 1 the ratio is only 1.33. If you graphed this data, instead of seeing a

smoothly increasing curve, you would see a series of connected line segments of increasing slopes.

e  Complete the table below:

Expression Numerical Value Expression Numerical Value
1 = —
4z =2 Va4t =41 =2
645 =7 V64! =2
gz =7 V82 =2
_ i —
16s = V16t =2
—_— 1
1 2 | .
Tz =7 (V25) = —=?
257z . e
1 f
(2%)z =2 V(2)? =7

1. What do you notice about your answers to the problems in the same row?

2. Is there some pattern that relates the two expressions in each row to one another? Describe the pattern.

1
3. Given the expression (5)%, what expression using a root symbol would yield the same numerical value?

4. Given the expression V54, what expression utilizing a fractional exponent would yield the same numerical value?

Continued on next page
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Instructional Strategies: N.RN.1-2

In the traditional pathway, for Algebra | in implementing the standards in curriculum, these standards should occur
before discussing exponential functions with continuous domains.

The goal is to show that a fractional exponent can be expressed as a radical or a root. For example, an exponent of
1/3 is equivalent to a cube root; an exponent of % is equivalent to a fourth root.

Review the power rule, (bn)m = b"" for whole number exponents i.e., (72) 375

1
Compare examples, such as (7 /2)2 =71 =7and (\/7 )2 =7, to help students establish a connection between radicals
1 1

and rational exponents: 7t =7 and, in general, bi=Vp.

1
Provide opportunities for students to explore the equality of the values using calculators, such as 7 h and V7.

Offer sufficient examples and exercises to prompt the definition of fractional exponents, and give students practice in
converting expressions between radical and exponential forms.

1 m
When n is a positive integer, generalize the meaning of bn = Vblandthento bm = Vb™. where nand m are
integers and n is greater than or equal to 2. When m is a negative integer, the result is the reciprocal of the root

- F
b o= —

n'_!“'
vh

Stress the two rules of rational exponents: 1) the numerator of the exponent is the base’s power and 2) the
denominator of the exponent is the order of the root. When evaluating expressions involving rational exponents, it is
often helpful to break an exponent into its parts — a power and a root — and then decide if it is easier to perform the
root operation or the exponential operation first.

Model the use of precise mathematics vocabulary (e.g., base, exponent, radical, root, cube root, square root etc.).
The rules for integer exponents are applicable to rational exponents as well; however, the operations can be slightly

more complicated because of the fractions. When mﬂultiplying exponents, powers are added(b" e b™ = b n+m).

b = ..
When dividing exponents, powers are subtracted i b"T™M_ When raising an exponent to an exponent, powers
are multiplied (b")™ = b™™.

Common Misconceptions: N.RN.1-2

Students sometimes misunderstand the meaning of exponential operations, the way powers and roots relate to one
another, and the order in which they should be performed. Attention to the base is very important.

3 3
Consider examples: (—81A) and (—81)/4. The position of a negative sign of a term with a rational exponent can mean
that the rational exponent should be either applied first to the base, 81, and then the opposite of the result is taken,

3 3 4
(—81/4 ), or the rational exponent should be applied to a negative term (—81/4 . The answer of .81 will be not real if
the denominator of the exponent is even. If the root is odd, the answer will be a negative number.

Students should be able to make use of estimation when incorrectly using multiplication instead of exponentiation.
1

. . . . / 1 .
Students may believe that the fractional exponent in the expression 36 ® means the same as a factor of /3 in

e . 1 .
multiplication expression, 36 ¢ /3 and multiple the base by the exponent.







Number and Quantity: The Real Number System (N-RN)

Cluster: Extend the properties of exponents to rational exponents.

Standard: N.RN.2 Rewrite expressions involving radicals and rational exponents using the properties of
exponents.

Suggested Standards for Mathematical Practice (MP):
MP.7 Look for and make use of structure.

Connections: See N.RN. 1 Common Misconceptions: See N.RN.1

Explanations and Examples: N.RN.2

Convert from radical representation to using rational exponents and vice versa.

Students can explain and apply mathematical concepts and carry out mathematical procedures with
precision and fluency.

Examples:

2 2
o Y57 =57, 55 =35
Rewrite using fractional exponents: J16 = *\5/24 =2

3
Rewrite £f in at least three alternate forms. Solution: , 2 —
X

4
5

|
[u—
‘

0w
|
Ex
=
By

X

Rewrite \/2™* using only rational exponents.

Rewrite 3/)63 +3x* +3x+1 insimplest form.

Continued on next page




Explanations and Examples: N.RN.2

e Foritems 1la — le, determine whether each equation is True or False.

la. /32 = 2g @True ® False

1b. 162 = & (M) True  (F) False
1c. 42 = {64 @True ®Fa|se

1d. 2°

Il
w
H
[e)}
—_—
()]
_|
=
o
)]
mn
o
7]
()]

le. (J64) = 8é @True ®Fa|se
(V64)

Solution: 1a.
1b.
lc.
1d.
le.

m 4 m 4 -

Instructional Strategies: See N.RN.1




Number and Quantity: The Real Number System (N-RN)

Cluster: Use properties of rational and irrational numbers.

Standard: N.RN.3 Explain why the sum or product of two rational numbers is rational; that the sum of a
rational number and an irrational number is irrational; and that the product of a nonzero rational number and an
irrational number is irrational.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.3 Construct viable arguments and critique the reasoning of others.

Connections:
In high school, practicing operations with rational and irrational numbers helps students to understand the
properties of real numbers and the relationships between number sets.

Algebraic manipulations and reasoning become a powerful tool for transferring students’ experience in proofs from
geometry to proofs in algebra.

Explanations and Examples: N.RN.3

Know and justify that when adding or multiplying two rational numbers the result is a rational number.

Know and justify that when adding a rational number and an irrational number the result is irrational.

Know and justify that when multiplying of a nonzero rational number and an irrational number the result is irrational.
Since every difference is a sum and every quotient is a product, this includes differences and quotients as well.
Explaining why the four operations on rational numbers produce rational numbers can be a review of students
understanding of fractions and negative numbers. Explaining why the sum of a rational and an irrational number is

irrational, or why the product is irrational, includes reasoning about the inverse relationship between addition and
subtraction (or between multiplication and addition).

Examples:
e Explain why the number 2it must be irrational, given that mtis irrational.

Sample Response: If 2it were rational, then half of 2;t would also be rational, so m would have to be rational as
well.

Continued on next page
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Explanations and Examples: N.RN.3
e Part A

The rectangle shown below has a length of 6 feet.

6 feet

The value of the area of the rectangle, in square feet, is an irrational number. Therefore, the number that
represents the width of the rectangle must be —

A. a whole number.
B. arational number.
C. anirrational number.

D. a non-real complex number.

Part B

The length, £, and width, w, of the rectangle shown below have values that are rational numbers.

w feet

{ feet

Construct an informal proof that shows that the value of the area, in square feet, of the rectangle must be
a rational number.

Sample Response:
Part A: C

Continued on next page
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Explanations and Examples: N.RN.3
Part B

Given: Lis rational; w is rational.
Prove: ¢ x wis rational.

a
Proof: Since{is rational, by the definition of rational number, £ can be written in the form =, whereaand b
are both integers and b is non-zero. Similarly, since w is rational, by the definition of rational number, w can
£ ac

X— =—

C
be written in the form E , Where c and d are both integers and d is non-zero. Then {xX w :_b 7 bd "

Since the set of integers is closed under the operation of multiplication, both ac and bd are integers.

Thus £ x w is the ration of two integers. So by the definition of rational number, { x w is rational.

Instructional Strategies: N.RN.3

This cluster is an excellent opportunity to incorporate algebraic proof, both direct and indirect, in teaching properties
of number systems.

Students should explore concrete examples that illustrate that for any two rational numbers written in form %,
and C/d where b and d are natural numbers and a and c are integers, the following are true:

a ¢ ad+be .

—+—= represents a rational number, and
b d bd

a ¢ ac .

— X — = — represents a rational number.

b d bd

Continue exploring situations where the sum of a rational number and an irrational number is irrational (e.g., a
sum of rational number 2 and irrational number /3 is (2 +/3 ), which is an irrational).

Proofs are valid ways to justify not only geometry statements also algebraic statements.
Use indirect algebraic proof to generalize the statement that the sum of a rational and irrational number is irrational.

a

Assume that x is an irrational number and the sum of x and a rational number > is also rational and is represented
C

as — .

d

represents a rational number.

Since the last statement contradicts a given fact that x is an irrational number, the assumption is wrong and a sum of
a rational number and an irrational number has to be irrational. Similarly, it can be proven that the product of a

non- zero rational and an irrational number is irrational. ]
Continued on next page
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Instructional Strategies: N.RN.3

Students need to see that results of the operations performed between numbers from a particular number set
does not always belong to the same set. For example, the sum of two irrational numbers (2 +vV3)and (2 +/3)
is 4, which is a rational number.

Connect N.RN.3 to physical situations, e.g., finding the perimeter of a square of area 2.

Common Misconceptions: N.RN.3

Some students may believe that both terminating and repeating decimals are rational numbers, without considering
nonrepeating and nonterminating decimals as irrational numbers.

Students may also confuse irrational numbers and complex numbers, and therefore mix their properties. In this
case, students should encounter examples that support or contradict properties and relationships between number
sets (i.e., irrational numbers are real numbers and complex numbers are non-real numbers. The set of real numbers
is a subset of the set of complex numbers).

By using false extensions of properties of rational numbers, some students may assume that the sum of any two
irrational numbers is also irrational. This statement is not always true (e.g., (2++/3 ) + (2 =3 )= 4, a rational

number), and therefore, cannot be considered as a property.

20




Number and Quantity: Quantities * (N-Q)

Cluster: Reason quantitatively and use units to solve problems.

Standard: N.Q.1 Use units as a way to understand problems and to guide the solution of multi-step problems;

choose and interpret units consistently in formulas; choose and interpret the scale and the origin in graphs and data
displays. (%)

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.5. Use appropriate tools strategically.
MP.4 Model with mathematics. MP.6 Attend to precision.

Connections: N.Q.1-3

Measuring commonly used object and choosing proper units for the measurements is part of the mathematics
curriculum prior to high school. In high school, students experience a broader variety of units through real-world
situations and modeling along with the exploration of the different levels of accuracy and precision of the answers.
Working with quantities and the relationships between them provides grounding for work with expressions,
equations, and functions.

Explanations and Examples: N.Q.1

Interpret units in the context of the problem. When solving a multi-step problem, use units to evaluate the
appropriateness of the solution. Choose the appropriate units for a specific formula and interpret the meaning of the
unit in that context. Choose and interpret both the scale and the origin in graphs and data displays.

Include word problems where quantities are given in different units, which must be converted to make sense of the
problem. For example, a problem might have an object moving 12 feet per second and another at 5 miles per hour.

To compare speeds, students convert 12 feet per second to miles per hour. 12ft o 1mile j60sec , 60min_43200 mie g 4o
1sec 5280 ft 1min  1hr 5280 hr

Graphical representations and data displays include, but are not limited to:
line graphs, circle graphs, histograms, multi-line graphs, scatterplots, and multi-bar graphs.

Examples:

e The density of kerosene is approximately 0.82 8 .
mL

Drag a rate or quantity from the box to each blank to calculate the mass, in kilograms, of 20 liters of kerosene.

1 X 2 X 3 X 4
20 L 820 kg 820 mL 2,000 mL
0.82 g 2000 mL 1L 100049
1 mL 20 L 1.000 mL 1 kg
1 kg 1 kg 1.000 mL 1,000 L
1.000 ¢ 1,000 L 1L 1 kg Continued on next page
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Explanations and Examples: N.Q.1

Solution:
The student must choose the following four rates of quantities (order does not matter):
5oL L000mL 0.82g 1 Kg

, , an .
1L 1mL 1,000 g

e Hannah makes 6 cups of cake batter. She pours and levels all the batter into a rectangular cake pan with a
length of 11 inches, a width of 7 inches, and a depth of 2 inches.

One cubic inch is approximately equal to 0.069 cup.

What is the depth of the batter in the pan when it is completely poured in?
1
Round your answer to the nearest /8 of an inch.

. 1
Solution: 1'fg or 1.125 inches

e A fuel oil dealer buys 20,000 gallons of heating oil at $2.65 per gallon and another 14,000 gallons at $3.00 per
gallon. (The oil is the same grade and quality, but the price varies due to the market.) He has a contract to
sell up to 35,000 gallons of oil next month at $3.25 per gallon, but wants to use as much cash as possible
immediately for future investments. To raise cash, he can sell some of his oil to another distributor, who will
pay $2.75 per gallon now. How much investment money can the dealer raise now by selling oil and still be
able to break even after selling the remainder next month?

Solution: The dealer has spent: 20,000 gal.x $2.65 gal. + 14,000 gal.x $3.00 gal. = $95,000.

He has 34,000 gallons, and if he sells x gallons now and (34,000-x) gallons next month, he will get

2.75 3.25
xgal. e > /gal- + (34,000-x) gal. o > /ga. = 34,000 ¢ $3.25 - x ¢ 50.50

X
110,500 - =).
$(110, 5)

x
Thus, the dealer breaks even if (110,500 - E ) =95,000, orx =31,000.

He can sell 31,000 gallons now, raising a total of $85,250 for investment, and break even by selling the
remaining 3,000 gallons next month.
Continued on next page

22




Instructional Strategies: N.Q.1-3

In real-world situations, answers are usually represented by numbers associated with units. Units involve
measurement and often require a conversion. Measurement involves both precision and accuracy. Estimation
and approximation often precede more exact computations.

Students need to develop sound mathematical reasoning skills and forms of argument to make reasonable
judgments about their solutions. They should be able to decide whether a problem calls for an estimate, for an
approximation, or for an exact answer. To accomplish this goal, teachers should provide students with a broad
range of contextual problems that offer opportunities for performing operations with quantities involving units.
These problems should be connected to science, engineering, economics, finance, medicine, etc.

Some contextual problems may require an understanding of derived measurements and capability in unit analysis.
Keeping track of derived units during computations and making reasonable estimates and rational conclusions
about accuracy and the precision of the answers help in the problem-solving process.

For example, while driving in the United Kingdom (UK), a U.S. tourist puts 60 liters of gasoline in his car.

The gasoline cost is £1.28 per liter The exchange rate is £ 0.62978 for each $1.00. The price for a gallon of a
gasoline in the United States is $3.05. The driver wants to compare the costs for the same amount and the same
type of gasoline when he/she pays in UK pounds. Making reasonable estimates should be encouraged prior to
solving this problem. Since the current exchange rate has inflated the UK pound at almost twice the U.S. dollar,
the driver will pay more for less gasoline.

By dividing $3.05 by 3.79L (the number of liters in one gallon), students can see that 80.47 cents per liter of
gasoline in US is less expensive than £1.28 or $ 2.03 per liter of the same type of gasoline in the UK when paid in

U.S. dollars. The cost of 60 liters of gasoline in UK is £30.41 (2222 x 1998 o gop, x ZEZ092978 _ g £30.41),
1 gal 2.79L Us $1.00
In order to compute the cost of the same quantity of gasoline in the United States in UK currency, it is necessary to

convert between both monetary systems and units of volume. Based on UK pounds, the cost of 60 liters of gasoline
Us$3.05 1 gal

inthe Us.is £30.41 (7 X 2= X 60L x UKE0.62978 _ UK £30.41).

3.79L US $1.00

The computation shows that the gasoline is less expensive in the United States and how an analysis can be helpful
in keeping track of unit conversations. Students should be able to correctly identify the degree of precision of the
answers which should not be far greater than the actual accuracy of the measurements.

Graphical representations serve as visual models for understanding phenomena that take place in our daily
surroundings. The use of different kinds of graphical representations along with their units, labels and titles
demonstrate the level of students’ understanding and foster the ability to reason, prove, self-check, examine
relationships and establish the validity of arguments. Students need to be able to identify misleading graphs by

choosing correct units and scales to create a correct representation of a situation or to make a correct conclusion
from it.

Common Misconceptions: N.Q.1-3

Students may not realize the importance of the units’ conversions in conjunction with the computation when

solving problems involving measurements. Students often have difficulty understanding how ratios expressed in

different units can be equal to one. For example, 5280 ft is simply one, and it is permissible to multiply by that ratio.
1mile

Students need to make sure to put the quantities in the numerator or denominator so that the terms can cancel

appropriately.

Since today’s calculating devices often display 8 to 10 decimal places, students frequently express answers to a
much greater degree of precision than the required.







Number and Quantity: Quantities * (N-Q)

Cluster: Reason quantitatively and use units to solve problems.

Standard: N.Q.2 Define appropriate quantities for the purpose of descriptive modeling. (%)

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.6 Attend to precision.
MP.4 Model with mathematics.

Connections: See N.Q.1 Common Misconceptions: See N.Q.1

Explanations and Examples: N.Q.2

Determine and interpret appropriate quantities when using descriptive modeling.

Given a situation or problem, students propose and debate the best quantities used to answer the question in small
group discussions.

Examples:

e What type of measurements would one use to determine their income and expenses for one month?

e How could one express the number of car accidents in Kansas?

e Find a good measure of overall highway safety; propose and debate measures such as fatalities per year per
driver, fatalities per year, or fatalities per vehicle-mile traveled.

e Give an example of a real-world situation and explain what unit or quantity you expressed the answer in and
why.

e How can you determine which scale and unit to use when creating a graph to represent a set of data?

Instructional Strategies: See N.Q.1







Number and Quantity: Quantities * (N-Q)

Cluster: Reason quantitatively and use units to solve problems.

Standard: N.Q.3 Choose a level of accuracy appropriate to limitations on measurement when reporting
quantities. (%)

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.5. Use appropriate tools strategically.
MP.3 Construct viable arguments and critique the reasoning of others. MP.6 Attend to precision.
MP.4 Model with mathematics.

Connections: See N.Q.1 Common Misconceptions: See N.Q.1

Explanations and Examples: N.Q.3

Determine the accuracy of values based on their limitations in the context of the situation.

The margin of error and tolerance limit varies according to the measure, tool used, and context.

Examples:

e Determining price of gas by estimating to the nearest cent is appropriate because you will not pay in
$3.479
gallon’

fractions of a cent but the cost of gas is

e Aliquid weed-killer comes in four different bottles, all with the same active ingredient. The accompanying
table gives information about the concentration of active ingredient in the bottles, the size of the bottles, and
the price of the bottles. Each bottle's contents is made up of active ingredient and water.

Concentration Amount in Bottle Price of Bottle
A 1.04% 64 fl oz. $12.99
B 18.00% 32 floz. $22.99
C 41.00% 32 floz. $39.99
D 1.04% 24 fl oz. $5.99

a. You need to apply a 1% solution of the weed killer to your lawn. Rank the four bottles in order of best to worst
buy. How did you decide what made a bottle a better buy than another?

b. The size of your lawn requires a total of 14 fl. oz. of active ingredient. Approximately how much would you
need to spend if you bought only the A bottles? Only the B bottles? Only the C bottles? Only the D bottles?

Supposing you can only buy one type of bottle, which type should you buy so that the total cost to you is the least
for this particular application of weed killer?

The principal purpose of the task is to explore a real-world application problem with algebra, working with units
and maintaining reasonable levels of accuracy throughout. Of particular interest is that the optimal solution for
long-term purchasing of the active ingredient is achieved by purchasing bottle C, whereas minimizing total cost for
a particular application comes from purchasing bottle B. Students might need the instructor's aid to see that this
is just the observation that buying in bulk may not be a better deal if the extra bulk will go unused.

Continued on next page
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Explanations and Examples: N.Q.3
Solution:

a. All of the bottles have the same active ingredient, and all can be diluted down to a 1% solution, so all that
matters in determining value is the cost per fl. oz. of active ingredient. We estimate this in the following table:

Amount active in Bottle Price of bottle Cost per ounce

A 1.04% x 64 = 0.64 fl oz $12.99 = 513 13 = $20 per floz
0.64

B 18.00% x 32 =6 fl oz $22.99 = 523 23 =S4 per fl oz
6

C 41.00% x 32 = 13 fl oz $39.99 = $40 40 = S3 per fl oz
13

D [1.04% x24=0.24fl oz $5.99 = $6 6 =$24 perfloz

0.24

If we assume that receiving more active ingredient per dollar is a better buy than less active ingredient
per dollar, the ranking in order of best-to-worst buy is C,B,A,D.

b. The A bottles have about 0.64 fl. oz. of active ingredient per bottle so to get 14 fl. oz. we need
14 fl. oz. = 22 bottles.
0.64 fl. oz. /bottle

Purchasing 22 A bottles at about $13 each will cost about $286.

The B bottles have a little less than 6 fl. oz. of active ingredient per bottle so to get 14 fl. oz. we need 3 bottles.
Purchasing 3 B bottles at about $23 each will cost about $609.

The C bottles have a little more than 13 fl. oz. of active ingredient per bottle, so we need 2 bottles.
Purchasing 2 C bottles at about $40 each will cost about S80.

The D bottles have only 0.24 fl. oz. of active ingredient per bottle, so to get 14 fl. oz. we need
14 fl. oz. = 58 bottles.
0.24 fl. oz. /bottle

Purchasing 58 D bottles at about $6 each will cost about $348.

Thus, although the C bottle is the cheapest when measured in dollars/fl. oz., the B bottles are the best
deal for this job because there is too much unused when you buy C bottles.

Instructional Strategies: See N.Q.1
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Number and Quantity: The Complex Number System (N-CN)

Cluster: Perform arithmetic operations with complex numbers.

Standard: N.CN.1 Know there is a complex number i such that i* = -1, and every complex number has the
form a + bi with a and b real.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.6 Attend to precision.

Connections: N.CN.1-2

The use of complex numbers is spread throughout mathematics and its applications to science, such as electrical
engineering, physics, statistics and aeronautical engineering.

The existence of complex numbers makes every quadratic equation with real coefficients solvable over the complex
number system. This paves the way for the Fundamental Theorem of Algebra, which says that an nth degree
polynomial has n solutions in the complex numbers.

Explanations and Examples: N.CN.1

Every complex number can be written in the form a + bi where a and b are real numbers. The square root of a
negative number is a complex number. Complex numbers can be added, subtracted, and multiplied like binomials.
The commutative, associative, and distributive properties hold true when adding, subtracting, and multiplying
complex numbers.

Examples:
[ ]
Problem Solution bi Form
1. V—36 V=36 =/—1++/36 = 6i 6i
2. 24/=49 V=49 = 2V—149 = 24 7i = 14 14i
3. —3V=10 —3V=10 = —3V=1 V10 = —3+i ¢\10 = —3iV10 —3iV10
4. 5V-8 5V—8=5V—1e¢VB=5+i¢2V2=10iV2 100V2
o J-1=ij
o J-4=2j
o J-7=47i

Continued on next page




Instructional Strategies: N.CN.1-2

Before introducing complex numbers, revisit simpler examples demonstrating how number systems can be seen as

“expanding” from other number systems in order to solve more equations. For example, the equation x +5 =3 has
no solution as a whole numbers, but it has a solution x =-2 as an integers. Similarly, although 7x =5 has no solution
in the integers, it has a solution x = /7 in the rational numbers. The linear equation ax + b = ¢, where g, b, and c are

. . ) . (c—b)
rational numbers, always has a solution x in the rational numbers: x = .
a

When moving to quadratic equations, once again some equations do not have solutions, creating a need for larger

number systems. For example, x> =2 =0 has no solution in the rational numbers. But it has solutions +V2 in the

real numbers. (The real number line augments the rational numbers, completing the line with the irrational
numbers.)

Point out that solving the equation x*— 2 = 0 in terms of x is equivalent to finding x-intercepts of a graph of
y = x*— 2, which crosses the x-axis at (-2, 0) and (2, 0). Thus, the graph illustrates that the solutions are

x=+V2.

Next, use an example of a quadratic equation with real coefficients, such as x2 + 1 = 0, which can be written
equivalently as x> =-1. Because the square of any real number is non-negative, it follows that x> = -1 has no
solution in the real numbers. One can see this graphically by noticing that the graph of y = x> + 1 does not cross
the x-axis.

The “solution” to this “impasse” is to introduce a new number, the imaginary unit i/, where 2= -1, and to consider
complex numbers of the form a +bi, where a and b are real numbers and i is not a real number. Becauseiis not a
real number, expressions of the form a +bi cannot be simplified.

The existence of i, allows every quadratic equation to have two solutions of the form a + bi — either real when b
=0, or complex when b # 0.

In order to find solutions of quadratic equations or to create quadratic equations from its solutions, introduce
students to the condition of equality of complex numbers, with addition, subtraction and multiplication of
complex numbers.

Stress the importance of the relationships between different number sets and their properties. The complex
number system possesses the same basic properties as the real number system: that addition and multiplication
are commutative and associative; the existence of additive identity and multiplicative identity; the existence of an
additive inverse for every complex number and the existence of multiplicative inverse or reciprocal for every non-
zero complex number; and the distributive property of multiplication over the addition. An awareness of the
properties minimizes students’ rote memorization and links the rules for manipulations with the complex number
system to the rules for manipulations with binomials with real coefficients of the form a + bx.

Common Misconceptions: N.CN.1-2

If irrational numbers are confused with non-real or complex numbers, remind students about the relationships
between the sets of numbers.

If an imaginary unit i is misinterpreted as -1 instead of V-1, re-establish a definition of /.

Some properties of radicals that are true for real numbers are not true for complex numbers. In particular, for
positive real numbers a and b, va-vb = \/(a - b) but v—a - V—b = \/(—a)(—b) and % = J(%) and \% = f(%) but

V=a (-a)

V=5 * p) Ifthose properties are getting misused, provide students with an example, such as

10 = /100 = ,/(—25)(—4) = V—25-V—4 = 5i - 2i = 10i? = —10 that leads to a contradiction that a positive real number is
equal to a negative number. 28




Number and Quantity: The Complex Number System (N-CN)

Cluster: Perform arithmetic operations with complex numbers.

Standard: N.CN.2 Use the relation i* = -1 and the commutative, associative, and distributive properties to
add, subtract, and multiply complex numbers.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.7 Look for and make use of structure.
MP.8 Look for and express regularity in repeated reasoning.

Connections: See N.CN.1 Common Misconceptions: See N.CN.1

Explanations and Examples: N.CN.2

Apply the fact that the complex number i?=-1.

Recognize that i* = i® = 2= i*® =...=/* (where k is a positive integer) = 1, and use the relation i* = —1 to justify this fact.
Recognize that i* = i® = /'°= i**=...=i*? (where k is a positive integer) = —1, and use the relation i> = —1 to justify this
fact.

Recognize that i* = i’ = ' = i*®=...={** (where k is a positive integer) = —i, and use the relation i* = —1 to justify this
fact.

Recognize that i = ° = i°= *=...=1*%3 (where k is a positive integer) = i, and use the relation i* = —1 to justify this fact.

Use the associative, commutative, and distributive properties, to add, subtract, and multiply complex numbers.
Examples:

e Simplify the following expression. Justify each step using the commutative, associative and distributive
properties.

(3—2i)(-7 +4i)
Solutions may vary; one solution follows:
(3-2i)(~ 7+4i)
3(— 7+4i)-2i(~ 7 +4i) Distributive Property
—21+12i+14i—8i®  Distributive Property

—21+(12i+14i)-8i®> Associative Property
—21+i(12+14)-8i® Distributive Property

— 21+ 26i - 8/2 Computation
—21+26i—8(-1) i?=—1

—21+26i+8 Computation
—21+8+26i Commutative Property
—-13+26i Computation







Number and Quantity: The Complex Number System (N-CN)

Cluster: Use complex numbers in polynomial identities and equations.

Standard: N.CN.7 Solve quadratic equations with real coefficients that have complex solutions.

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving them.
MP.7 Look for and make use of structure.

Connections:

This standard has a direct connection to the standard A.REL.4 in the Algebra conceptual category. A solid
understanding of number systems, including complex numbers, is foundational for advancing in solving various
types of equations, investigating functions and sketching their graphs.

Explanations and Examples: N.CN.7

Solve quadratic equations with real coefficients that have solutions of the form a + bi and a — bi.
Determine when a quadratic equation in standard form, ax” + bx + ¢ = 0, has complex roots by looking at a graph of
f(x) = ax* + bx + ¢ or by calculating the discriminant.

Examples:
e Within which number system can x* = — 2 be solved? Explain how you know.
e Solve x*+ 2x + 2 = 0 over the complex numbers.
e Find all solutions of 2x* + 5 = 2x and express them in the form a + bi.

e Will a quadratic equation with real coefficients always have real solutions? Why or why not?

Instructional Strategies: N.CN.7

Revisit quadratic equations with real coefficients and a negative discriminant and point out that this type of
equation has no real number solution. Emphasize that with the extension of the real number system to complex
numbers any quadratic equation has a solution. Since the process of solving a quadratic equation may involve the
use of the quadratic formula with a negative discriminant, defining a square root of a negative number becomes
critical V>N = ivV'N, where N is a positive real number; i is the imaginary unit and i = -1). After the square root of a
negative number has been defined, emphasize that the quadratic formula can be used without restriction.

While solving quadratic equations using the quadratic formula, students should observe that the quadratic equation
always has a pair of solutions regardless of the value of the discriminant.

Common Misconceptions: N.CN.7

In the cases of quadratic equations, when the use of quadratic formula is not critical, students sometime ignore the
negative solutions. For example, for the equation xi= 9, students may mention 3 and forget about (- 3), or mention
3i and forget about (- 3i) for the equation x> =-9. If this misconception persists, advise students to solve this type
of quadratic equation either by factoring or by the quadratic formula







Conceptual Category Algebra

Expressions. An expression is a record of a computation with numbers, symbols that represent numbers, arithmetic
operations, exponentiation, and, at more advanced levels, the operation of evaluating a function. Conventions about
the use of parentheses and the order of operations assure that each expression is unambiguous. Creating an
expression that describes a computation involving a general quantity requires the ability to express the computation in
general terms, abstracting from specific instances.

Reading an expression with comprehension involves analysis of its underlying structure. This may suggest a different
but equivalent way of writing the expression that exhibits some different aspect of its meaning. For example,

p + 0.05p can be interpreted as the addition of a 5% tax to a price p. Rewriting p + 0.05p as 1.05p shows that adding a
tax is the same as multiplying the price by a constant factor.

Algebraic manipulations are governed by the properties of operations and exponents, and the conventions of
algebraic notation. At times, an expression is the result of applying operations to simpler expressions. For example,
p + 0.05p is the sum of the simpler expressions p and 0.05p. Viewing an expression as the result of operation on
simpler expressions can sometimes clarify its underlying structure.

A spreadsheet or a computer algebra system (CAS) can be used to experiment with algebraic expressions, perform
complicated algebraic manipulations, and understand how algebraic manipulations behave.

Equations and Inequalities. An equation is a statement of equality between two expressions, often viewed as a
guestion asking for which values of the variables the expressions on either side are in fact equal. These values are the
solutions to the equation. An identity, in contrast, is true for all values of the variables; identities are often developed
by rewriting an expression in an equivalent form.

The solutions of an equation in one variable form a set of numbers; the solutions of an equation in two variables form
a set of ordered pairs of numbers, which can be plotted in the coordinate plane. Two or more equations and/or
inequalities form a system. A solution for such a system must satisfy every equation and inequality in the system.

An equation can often be solved by successively deducing from it one or more simpler equations. For example, one
can add the same constant to both sides without changing the solutions, but squaring both sides might lead to
extraneous solutions. Strategic competence in solving includes looking ahead for productive manipulations and
anticipating the nature and number of solutions.

Some equations have no solutions in a given number system, but have a solution in a larger system. For example, the
solution of x + 1 =0 is an integer, not a whole number; the solution of 2x + 1 = 0 is a rational number, not an integer;
the solutions of x> — 2 = 0 are real numbers, not rational numbers; and the solutions of x> + 2 = 0 are complex numbers,
not real numbers.

The same solution techniques used to solve equations can be used to rearrange formulas. For example, the formula
for the area of a trapezoid, A = ((b;+b,)/2)h, can be solved for h using the same deductive process.

Inequalities can be solved by reasoning about the properties of inequality. Many, but not all, of the properties of
equality continue to hold for inequalities and can be useful in solving them.

Connections to Functions and Modeling. Expressions can define functions, and equivalent expressions define the
same function. Asking when two functions have the same value for the same input leads to an equation; graphing the
two functions allows for finding approximate solutions of the equation. Converting a verbal description to an
equation, inequality, or system of these is an essential skill in modeling.

—_—————
—_—_———

—_—_—————
—_—_———
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Algebra Standards Overview

Note: The standards identified with a (+) contain additional mathematics that students should learn in order to take
advanced courses such as calculus, advanced statistics or discrete mathematics that go beyond the mathematics that
all students should study in order to be college- and career-ready. Explanations and examples of these standards are
not included in this document.

Modeling Standards: Specific modeling standards appear throughout the high school standards indicated by a star
symbol (%). (RETURN TO PG. 5)

Seeing Structure in Expressions (A-SSE)
* Interpret the structure of expressions.
A.SSE.1 (%)  A.SSE.2
o Write expressions in equivalent forms to solve problems.
A.SSE.3 (%)  A.SSE.4 (%)

Arithmetic with Polynomials and Rational Expressions (A-APR)
* Perform arithmetic operations on polynomials.

A.APR.1
e Understand the relationship between zeros and factors of polynomials.

A.APR.2 A.APR.3

o Use polynomial identities to solve problems.
A.APR.4  A.APR.5 (+)

e Rewrite rational expressions.
A.APR.6 A.APR.7 (+)

Creating Equations (x) (A-CED)
e Create equations that describe numbers or relationships.
A.CED.1 (x) A.CED.2 (%) A.CED.3 (*) A.CED.4 (x)

Reasoning with Equations and Inequalities (A-REIl)

e Understand solving equations as a process of reasoning and explain the reasoning.
A.REI.1 A.REI.2

e Solve equations and inequalities in one variable.
A.REI.3 A.REL.4

e Solve systems of equations.
A.REL.5 A.REL.6  A.REL7  A.REL8(+)  A.REL9 (+)

e Represent and solve equations and inequalities graphically.
A.REIL.10 A.REIL.11 (%) A.REI.12
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Algebra: Seeing Structure in Expressions (A-SSE)

Cluster: Interpret the structure of expressions.

Standard: A.SSE.1 Interpret expressions that represent a quantity in terms of its context. (%)

a. Interpret parts of an expression, such as terms, factors, and coefficients.

b. Interpret complicated expressions by viewing one or more of their parts as a single entity. For example, interpret
P(1+r)" as the product of P and a factor not depending on P.

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving them.  MP.4 Model with mathematics.
MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of structure.

Connections: A.SSE.1-2
An introduction to the use of variable expressions and their meaning, as well as the use of variables and
expressions in real-life situations is included in the Expressions and Equations Domain of Grade 7.

Explanations and Examples: A.SSE.1

In Algebra |, students work with linear, exponential, and quadratic expressions. In Algebra 2, students extend these
concepts to general polynomials and rational expressions.

Identify the different parts of the expression and explain their meaning within the context of a problem.
Decompose expressions and make sense of the multiple factors and terms by explaining the meaning of the
individual parts.

Students should understand the vocabulary for the parts that make up the whole expression and be able to identify
those parts and interpret there meaning in terms of a context.

Examples:
¢ What are the factors of P(1+r)"? Which part(s) of this expression depend on P?
e (a) A mixture contains A liters of liquid fertilizer in 10 liters of water. Write an expression for the concentration
of fertilizer in the mixture, and explain what each part of the expression represents.

e (b) Another mixture contains twice as much fertilizer in the same amount of water as the mixture in part (a).
Write an expression for the concentration of the new mixture, and explain why this concentration is not twice
as much as the concentration of the first mixture.

e A company uses two different sized trucks to deliver sand. The first truck can transport x cubic yards, and the
second y cubic yards. The first truck makes S trips to a job site, while the second makes T trips.
What do the following expressions represent in practical terms?

a. S+T
b. x+y

c. xS+yT
d. xS+yT

S+T Continued on next page
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Explanations and Examples: A.SSE.1

Sample Response:
a. Sisthe number of trips the first truck makes to a job site, and T is the number of trips the second truck
makes to a job site. It follows that S + T = the total number of trips both trucks make to a job site.

b. We know that x and y are the amount of sand, in cubic yards, that the first and second truck can transport,
respectively. Then x + y = the total amount of sand that both trucks can transport together

In other words, the company can transport x + y cubic yards of sand in a single trip using both trucks.

c. We can think of xS + yT in separate terms. The first term, xS, multiplies x, the amount of sand the first truck
can transport, by S, the number of trips the first truck makes to a job site. This means xS = the total amount
of sand being delivered to a job site by the first truck

In the second term, y, the amount of sand the second truck can transport, is being multiplied by T, the
number of trips the second truck makes. This means yT = the total amount of sand being delivered to a job
site by the second truck.

We then have that xS + yT = the total amount of sand (in cubic yards) being delivered to a job site by both
trucks.

d. From part (c), we know that xS + yT is the total amount of sand, in cubic yards, being delivered to a job site.
We also know from part (a) that S + T is the number of total trips being made to a job site.

By dividing xS + yT by S + T, we are averaging out the amount of sand being transported over the total

number of trips. So, xS+yT
S+T

e Suppose the cost of cell phone service for a month is represented by the expression 0.40s + 12.95. Students
can analyze how the coefficient of 0.40 represents the cost of one minute (40¢), while the constant of 12.95
represents a fixed, monthly fee, and s stands for the number of cell phone minutes used in the month.
Similar real-world examples, such as tax rates, can also be used to explore the meaning of expressions.

Instructional Strategies: A.SSE.1-2

Extending beyond simplifying an expression, this cluster addresses interpretation of the components in an
algebraic expression. A student should recognize that in the expression 2x + 1, “2” is the coefficient, “2” and “x”
are factors, and “1” is a constant, as well as “2x” and “1” being terms of the binomial expression. Development
and proper use of mathematical language is an important building block for future content. Using real-world
context examples, the nature of algebraic expressions can be explored.

Have students create their own expressions that meet specific criteria (e.g., number of terms factorable, difference
of two squares, etc.) and verbalize how they can be written and rewritten in different forms. Additionally, pair/group
students to share their expressions and rewrite one another’s expressions.

Hands-on materials, such as algebra tiles, can be used to establish a visual understanding of algebraic expressions
and the meaning of terms, factors and coefficients. Technology may be useful to help a student recognize that two
different expressions represent the same relationship. For example, since (x — y)(x + y) can be rewritten as x*— y?,
they can put both expressions into a graphing calculator (or spreadsheet) and have it generate two tables (or two
columns of one table), displaying the same output values for each expression.

Factoring by grouping is another example of how students might analyze the structure of an expression.
To factor 3x(x — 5) + 2(x — 5), students should recognize that the “x — 5” is common to both expressions being added,
so it simplifies to (3x + 2)(x — 5). Students should become comfortable with rewriting expressions in a variety of ways

until a structure emerges. Continued on next page
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Common Misconceptions: A.SSE.1-2

Students may believe that the use of algebraic expressions is merely the abstract manipulation of symbols.
Use of real- world context examples to demonstrate the meaning of the parts of algebraic expressions is needed
to counter this misconception.

Students may also believe that an expression cannot be factored because it does not fit into a form they recognize.
They need help with reorganizing the terms until structures become evident.

Students will often combine terms that are not like terms. For example, 2 + 3x = 5x or 3x + 2y = 5xy.
Students sometimes forget the coefficient of 1 when adding like terms. For example, x + 2x + 3x = 5x rather than 6x.

Students will change the degree of the variable when adding/subtracting like terms. For example, 2x + 3x = 5x>
rather than 5x.

Students will forget to distribute to all terms when multiplying. For example, 6(2x + 1) = 12x + 1 rather than 12x + 6.

Students may not follow the Order of Operations when simplifying expressions. For example, 4x* when x = 3 may
be incorrectly evaluated as 4¢3% = 12% = 144, rather than 49 = 36. Another common mistake occurs when the
distributive property should be used prior to adding/subtracting. For example, 2 + 3(x — 1) incorrectly becomes
5(x—1)=5x-5insteadof 2 +3(x—1)=2+3x-3=3x-1.

Students fail to use the property of exponents correctly when using the distributive property.
For example, 3x(2x — 1) = 6x — 3x = 3x instead of simplifying as 3x(2x — 1) = 6x° — 3x.

Students fail to understand the structure of expressions. For example, they will write 4x when x = 3 is 43 instead of
4x =4exsowhenx=3,4x =43 =12. In addition, students commonly misevaluate -3 = 9 rather than -3° = -9,
Students routinely see —3” as the same as (-3)>=9. A method that may clear up the misconception is to have
students rewrite as —x* = —1ex” so they know to apply the exponent before the multiplication of —1.

Students frequently attempt to “solve” expressions. Many students add “= 0” to an expression they are asked to
simplify. Students need to understand the difference between an equation and an expression.

Students commonly confuse the properties of exponents, specifically the product of powers property with the power
of a power property. For example, students will often simplify (x*)* = x* instead of x°.

Students will incorrectly translate expressions that contain a difference of terms. For example, 8 less than 5 times a
number is often incorrectly translated as 8 — 5n rather than 5n — 8.







Algebra: Seeing Structure in Expressions (A-SSE)

Cluster: Interpret the structure of expressions.

Standard: A.SSE.2 Use the structure of an expression to identify ways to rewrite it. For example, see x* —y* as
(°) = (v*), thus recognizing it as a difference of squares that can be factored as (x> — y°)(xX + y°).

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.7 Look for and make use of structure.

Connections: See A.SSE.1 Common Misconceptions: See A.SSE.1

Explanations and Examples: A.SSE.2

Linear, quadratic, and exponential expressions are the focus in Algebra |, and integer exponents are extended to
rational exponents (only those with square or cubed roots). In Algebra 2, the expectation is to extend to polynomial
and rational expressions.

Rewrite algebraic expressions in different equivalent forms such as factoring or combining like terms.

Use factoring techniques such as common factors, grouping, the difference of two squares, the sum or difference of
two cubes, or a combination of methods to factor completely. Students should extract the greatest common factor
(whether a constant, a variable, or a combination of each). If the remaining expression is quadratic, students should
factor the expression further.

Simplify expressions including combining like terms, using the distributive property and other operations with
polynomials.

Examples:

e Factor. X —2x° —35x.

e Find a value for a, a value for k, and a value for n, so that (3x + 2)(2x - 5) = ax® + kx +n.

Solution: Using the distributive property of multiplication over addition, we have, for all real numbers x,
(3x+2)(2x-5) = (3x+2)(2x) + (3x+2)(-5 )= 6x 2 +4x-15x-10 = 6x 2 _11x-10.
So,a=6,k=-11,and n =-10.

e Write two expressions that are equivalent forms of expression below:
2
m*+5m’+ 4

Solution: (m?)* +5(m?) +4; (m*+4)(m*+1)

Continued on next page
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Explanations and Examples: A.SSE.2

e Suppose P and Q give the sizes of two different animal populations, where Q > P. In (a)—(d), say which of the
given pair of expressions is larger. Briefly explain your reasoning in terms of the two populations.

a. P+Qand2P

b. — L _amg £X€
P+Q 2

c. (Q—P)/2and @ — P2

d. P+ 50tand @ + 50t

Sample Response:
a. The expression P+Q is larger.
o The expression P+Q gives the total size of the two populations put together.
o The expression 2P gives the size of a population twice as large as P.

o Putting the smaller population together with the larger yields more animals than merely doubling
the smaller.

Another way to see this is to notice that 2P = P+P, which is smaller than P + Q because adding P to P is less
than adding Q to P.

b. The expression P+Q is larger.
2

o The total size of the two populations put together is P + Q, so the expression P+Q gives the fraction
P

of this total belonging to P. Since P < P + Q, this will be a number less than 1. For instance, if P =100
and Q = 150, this fraction equals 100/(1oo+150) =0.4 = 40%.

o The average or mean size of the two populations is their sum divided by two, or P+Q/2.
This will be a number between P and Q, so it is larger than 1 (since P and Q describe animal
populations). Forinstance, if P =100 and Q = 150, the average is (100+150)/2 =125.

c. The expression Q - Plais larger.

o The expression (Q_P)/z gives half the difference between P and Q. For instance, if Q = 150 and P = 100,
half the difference is (**°72%/, = 25,
o The expression Q - P/z gives the difference between Q and a population half the size of P.
For instance, if Q = 150 and P = 100, this difference equals 150 - 100/2 =100.
To see why the second of these is bigger, write
(“P2=%,-"1
In the expression Q — P/z, we subtract P/z from Q. Butin (Q_P)/z, we subtract the same value, P/z, from a
smaller amount, Q/z.

d. The expression Q + 50t is larger.

o In both expressions, the same value, 50t, is added to the population.
o Since P < Q, adding 50t to P results in a smaller value than adding the same amount to Q.
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Algebra: Seeing Structure in Expressions (A-SSE)

Cluster: Write expressions in equivalent forms to solve problems.

Standard: A.SSE.3 Choose and produce an equivalent form of an expression to reveal and explain properties
of the quantity represented by the expression. (%)

a. Factor a quadratic expression to reveal the zeros of the function it defines.

b. Complete the square in a quadratic expression to reveal the maximum or minimum value of the function it
defines.

c. Use the properties of exponents to transform expressions for exponential functions. For example the expression
1.15' can be rewritten as (1.15%2)*' = 1.012* to reveal the approximate equivalent monthly interest rate if the
annual rate is 15%.

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving them.  MP.4 Model with mathematics.
MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of structure.

Connections: A.SSE.3-4

In Grade 8, students compare tables, graphs, expressions and equations of linear relationships. In high school,
examination of expressions and equations is intended to include quadratic and exponential, as well as not linear
sequences and series. Students will recognize how the form of the expression or equation can provide information
about its graph (vertex, minimum, maximum, etc).

Explanations and Examples: A.SSE.3

A.SSE.3a Write expressions in equivalent forms by factoring to find the zeros of a quadratic function and explain the
meaning of the zeros.

e Given a quadratic function explain the meaning of the zeros of the function. That is if f(x) = (x — ¢) (x — a) then
f(a) =0and f(c) = 0.

e Given a quadratic expression, explain the meaning of the zeros graphically. That is for an expression;
(x —a) (x — ¢), a and c correspond to the x-intercepts (if a and c are real).

e Express 2(x’ —3x” + x—6) — (x — 3)(x + 4) in factored form and use your answer to say for what values of x the
expression is zero.

e For numbers 1a — 1e, select the two equations with equivalent zeros.

la. y=x>+14 Solutions:
1p. Y =X>+9x+14 1a. The non-reals zeros are +j/14
) 1b. The zeros are —7 and -2
le. y-= (x ,EJ 25 1c. The zeros are 7 and 2.
2 4 1d. the zeros are —7 and —2.
1d. ¥y =(x+7)(x+2) le. The zeros are —14 and —1.

Continued on next page
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Explanations and Examples: A.SSE.3

A.SSE.3b Write expressions in equivalent forms by completing the square to convey the vertex form, to find the
maximum or minimum value of a quadratic function, and to explain the meaning of the vertex.

e What attributes of a graph will factoring and completing the square reveal about a quadratic function?

e Consider the following algebraic expressions:
(n+2)2 —4and n®+4n.
a. Use the figures below to illustrate why the following expressions are equivalent
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b. Find some algebraic deductions of the same result.

Solution:

a. A geometric approach to the problem proceeds by identifying, somewhere in the n -th figure, the value n,
and seeing two ways of looking at the dots, giving both (n+2) 2 -4 and n 2 +4n. One such approach (among
many) is below.

Let n be the number of the figure, with n = 1 at the left. We count the dots in each figure in terms of nin
two different ways. One represents n” +4n and the other represents (n+2)2 -4,
Visualizing n’ +4n:

o nis the inside full square.

o 4nisthe four outside borders with n in each.

Visualizing (n+2)2 -4
o Imagine the larger square with the four additional dots filled in at the corners.
Then (n+2)2 is the number of dots in the larger square.
o 4isthe number of dots added.

b. Perhaps most directly, we have (n+2)2 -4 = (n2 +4n+4)—-4= n’ +4n.

Alternatively, reversing the steps in this series of equalities is precisely the process of completing the square
for the expression n® +4n. Similarly, the left-hand side could be viewed as a difference of two squares, in
which case we can reason:

(n+2)> =4 =((n+2) +2)((n + 2)-2) = (n + 4)(n) = n” + 4n.

The purpose of above task is to identify the structure in the two algebraic expressions by interpreting them in terms of a
geometric context. Students will have likely seen this type of process before, so the principal source of challenge in this task
is to encourage a multitude and variety of approaches, both in terms of the geometric argument and in terms of the algebraic
manipulation.

Some students might show the equivalence algebraically from the start, either by expanding or by factoring. The algebraic
approach should be rewarded, not discouraged. A student who expands could be asked if there is another algebraic method;
a student who factors could be asked if there is a way of relating this form to the figure. Observe that the factored form,
(n+4)n, can be related to the figures as follows: If you take the top and bottom borders, turn them vertically, and place them
next to the rest of the figure, you get an (n + 4) x n rectangle of dots.

There is also an opportunity here to discuss the process of justifying an algebraic identity. For one, the algebraic solution in
part (b) applies to all real numbers n, whereas the proof by pictures only directly applies to the case that n is a positive
integer (though students could be encouraged to replace "numbers of dots" with "areas of regions" to give a version of the

geometric proof that works for all positive real numbers .
Continued on next page
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Explanations and Examples: A.SSE.3

A.SSE.3c Use properties of exponents (such as power of a power, product of powers, power of a product, and
rational exponents, etc.) to write an equivalent form of an exponential function to reveal and explain specific
information about its approximate rate of growth or decay.

e Write the expression below as a constant times a power of x and use your answer to decide whether the
expression gets larger or smaller as x gets larger.

(2x")*(3x")
(x*)’
V,_

e If xis positive and x # 0, simplify _Z
X

Instructional Strategies: A.SSE.3

It is important to balance conceptual understanding and procedural fluency in work with equivalent expressions.
For example, development of skill in factoring and completing the square goes hand-in-hand with understanding
what different forms of a quadratic expression reveal.

This cluster focuses on linking expressions and functions, i.e., creating connections between multiple
representations of functional relations — the dependence between a quadratic expression and a graph of the
guadratic function it defines, and the dependence between different symbolic representations of exponential
functions. Teachers need to foster the idea that changing the forms of expressions, such as factoring or completing
the square, or transforming expressions from one exponential form to another, are not independent algorithms that
are learned for the sake of symbol manipulations. They are processes that are guided by goals (e.g., investigating
properties of families of functions and solving contextual problems).

Factoring methods that are typically introduced in elementary algebra and the method of completing the square
reveals attributes of the graphs of quadratic functions, represented by quadratic equations.
e The solutions of quadratic equations solved by factoring are the x — intercepts of the parabola or
zeros of quadratic functions.
e A pair of coordinates (h, k) from the general form f(x) = a(x— h)2 + k represents the vertex of the
parabola, where h represents a horizontal shift and k represents a vertical shift of the parabola y = X
from its original position at the origin.
e Avertex (h, k) is the minimum point of the graph of the quadratic function if a > 0 and is the maximum point
of the graph of the quadratic function if a < 0. Understanding an algorithm of completing the square provides
a solid foundation for deriving a quadratic formula.

Translating among different forms of expressions, equations and graphs helps students to understand some key
connections among arithmetic, algebra and geometry. The reverse thinking technique (a process that allows
working backwards from the answer to the starting point) can be very effective. Have students derive information
about a function’s equation, represented in standard, factored or general form, by investigating its graph.

Offer multiple real-world examples of exponential functions. For instance, to illustrate an exponential decay,
students need to recognize that in the equation for an automobile cost C(t) = 20,000(0.75)t, the base is 0.75 and
between 0 and 1 and the value of $20,000 represents the initial cost of an automobile that depreciates 25% per
year over the course of t years.

Similarly, to illustrate exponential growth, in the equation for the value of an investment over time A(t) =
10,000(1.03)t, where the base is 1.03 and is greater than 1; and the $10,000 represents the value of an investment
when increasing in value by 3% per year for x years. Continued on next page
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Common Misconceptions: A.SSE.3

Some students may believe that factoring and completing the square are isolated techniques within a unit of
guadratic equations. Teachers should help students to see the value of these skills in the context of solving higher
degree equations and examining different families of functions.

Students may think that the minimum (the vertex) of the graph of y = (x + 5)2 is shifted to the right of the minimum

(the vertex) of the graph y = x? due to the addition sign. Students should explore examples both analytically and
graphically to overcome this misconception.

Some students may believe that the minimum of the graph of a quadratic function always occur at the y-intercept.
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Algebra: Seeing Structure in Expressions (A-SSE)

Cluster: Write expressions in equivalent forms to solve problems.

Standard: A.SSE.4 Derive the formula for the sum of a finite geometric series (when the common ratio is not 1)
and use the formula to solve problems. For example, calculate mortgage payments. (%)

Suggested Standards for Mathematical Practice (MP):

MP.3 Construct viable arguments and critique the reasoning of others. MP.4 Model with mathematics.
MP.7 Look for and make use of structure. MP.8 Look for and express regularity in repeated reasoning.

Connections: See A.SSE.3

Explanations and Examples: A.SSE.4

Students understand that a geometric series is the sum of terms in a geometric sequence and can be used to solve
real-world problems. The sum of a finite geometric series with common ratio not equal to 1 can be written as a
simple formula. Develop the formula for the sum of a finite geometric series when the ratio is not 1.

Use the formula to solve real world problems such as calculating the height of a tree after n years given the initial
height of the tree and the rate the tree grows each year. Calculate mortgage payments.

Examples:

e In February, the Bezanson family starts saving for a trip to Australia in September. The Besancon’s expect their
vacation to cost $5375. They start with $525. Each month they plan to deposit 20% more than the previous
month. Will they have enough money for their trip?

e A problem such as, “An amount of $100 was deposited in a savings account on January 1st each of the years
2010, 2011, 2012, and so on to 2019, with annual yield of 7%. What will be the balance in the savings account

onJanuary 1, 2020?” illustrates the use of a formula for a geometric series s, = gfi:j) when S, represents the
value of the geometric series with the first term g, constant ration r # 1, and n terms.

Before using the formula, it might be reasonable to demonstrate the way the formula is derived,

Multiply by r Sn=g+gr+gr +gr' + g™
ISa=gr+gf+ . +g’ +g"

Subtract S-rs=g-g"

Factor S(1-n=g(1-r")

_ gl1—"™
n(1-r)
The amount of the investment for January 1, 2020 can be found using: 100(1.07)10 + 100(1.07)9 +...+100(1.07).
If the first term of this geometric series is g = 100(1.07), the ratio is 1.07 and the number of terms n = 10, the
formula for the value of geometric series is:

g(1—7r% 100(1.07)(1.07*° - 1) 107(1.07° - 1)
Sw="a oy T (1.07-1) - 0.07

Divideby (1-r) §

Sip=$1478.36

Continued on next page
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Instructional Strategies: See A.SSE.3

Common Misconceptions: A.SSE.4

Some students cannot distinguish between arithmetic and geometric sequences, or between sequences and series.
To avoid this confusion, students need to experience both types of sequences and series.

Students commonly do not understand what it means to find the sum of a series. For example, if a student is asked
to find the sum of the first 17 terms of a series, they will only find the 17" term.

Students often do not recognize that there are multiple ways of finding sums of series. Although it is not always
practical, students could use a conceptual method to find the sums rather than using a formula.
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Algebra: Arithmetic with Polynomials and Rational Expressions (A-APR)

Cluster: Perform arithmetic operations on polynomials.

Standard: A.APR.1 Understand that polynomials form a system analogous to the integers, namely, they are
closed under the operations of addition, subtraction, and multiplication; add, subtract, and multiply polynomials.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.7 Look for and make use of structure.

Connections:

To further explore connections, students might look for commonalities between factoring polynomials and
factoring integers. For example, some polynomials are factorable, just as some integers are factorable, and
some polynomials are prime or not factorable, just as some integers are prime numbers.

Explanations and Examples: A.APR.1

Focus on polynomial expressions that simplify to forms that are linear or quadratic in a positive integer power of x.
Linear and quadratic polynomial expressions are the expectation in Algebra | and beyond quadratic polynomial
expressions is the expectation for Algebra 2.

Understand the definition of a polynomial. Understand the concepts of combining like terms and closure.
Add, subtract, and multiply polynomials and understand how closure applies under these operations.

Examples:
e Simplify:

a?-p?

a+b

e Expand and Simplify: (x3 +3¢° — 2+ 5)(x —7)

o PartA
A town council plans to build a public parking lot. The outline below represents the proposed shape of the
arking lot.

P & x yd.
Ny
x - 5vyd
Y

2x - 5 yd.

2x + 15 yd.

Write an expression for the area, in square feet, of this proposed parking lot. Explain the reasoning you used
to find the expression.

Continued on next page
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Explanations and Examples: A.APR.1
e PartB

The town council has plans to double the area of the parking lot in a few years. They create two plans to do
this. The first plan increases the length of the base of the parking lot by p yards, as shown in the diagram
below.

X yd.

2x - 5 yd.

2x + 15 yd. f p yd. |

Write an expression in terms of x to represent the value of p, in feet. Explain the reasoning you used to find
the value of p.

e PartC

The town council’s second plan to double the area changes the shape of the parking lot to a rectangle, as
shown in the diagram below.
X yd.

—_— e e e e — e —— ——

|
:
2x - 5 yd. |
|
I
1

2x + 15 yd. F——2zyd.—

Can the value of z be represented as a polynomial with integer coefficients? Justify your reasoning.

Sample Response:

Part A Part C
Missing vertical dimensionis 2x - 5 - (x - 5) = x. If z is a polynomial with integer coefficients, the length of
Area = x(x - 5) + x(2x + 15) the rectangle, 2x + 15 + z, would be a factor of the

= x% - 5x+ 2x% + 15x doubled area. Likewise, 2x - 5 would be a factor of the

doubled area. But 2x - 5 is not a factor of 6x? + 20x.
So 2x + 15 + z is not a factor either. Therefore, z cannot
Part B be represented as a polynomial with integer coefficients.

= 3x% +10x square yards

Doubled area = 6x? + 20x square yards.
Area of top left corner = x* - 5x square yards.
Area of lower portion with doubled area = 6x> +20x - (x2 - 5x)
= 5x? + 25x square yards

Since the width remains x yards, the longest length must be (5x2 +25x) + x =5x + 25 yards long.
SO, y= 5x+ 25 - (ZX + 15) =5x+25-2x-15=3x+10 yards. Continued on next page
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Instructional Strategies: A.APR.1

The primary strategy for this cluster is to make connections between arithmetic of integers and arithmetic of
polynomials. In order to understand this standard, students need to work toward both understanding and
fluency with polynomial arithmetic. Furthermore, to talk about their work, students will need to use correct
vocabulary, such as integer, monomial, polynomial, factor, and term.

In arithmetic of polynomials, a central idea is the distributive property, because it is fundamental not only in
polynomial multiplication but also in polynomial addition and subtraction.

With the distributive property, there is little need to emphasize misleading mnemonics, such as FOIL, which is
relevant only when multiplying two binomials, and the procedural reminder to “collect like terms” as a
consequence of the distributive property. For example, when adding the polynomials 3x and 2x, the result can be
explained with the distributive property as follows: 3x + 2x = (3 + 2)x = 5x.

An important connection between the arithmetic of integers and the arithmetic of polynomials can be seen by
considering whole numbers in base ten place value to be polynomials in the base b = 10. For two-digit whole
numbers and linear binomials, this connection can be illustrated with area models and algebra tiles. But the
connections between methods of multiplication can be generalized further. For example, compare the product

213 x 47 with the product (2b% + 1b + 3)(4b + 7).

2b? + 1b + 3 200+ 10 + 3 213

X 4b + 7 X 40 + 7 X 47
14b%2 + 7b + 21 1400 + 70 + 21 1491

8b% + 4b% + 12b 8000 + 400 + 120 8520
8b3 + 18b% + 19b + 21 8000 + 1800 + 190 + 21 10011

Note how the distributive property is in play in each of these examples: In the left-most computation, each term in
the factor (4b + 7) must be multiplied by each term in the other factor, (2b2 + 1b + 3), just like the value of each
digit in 47 must be multiplied by the value of each digit in 213, as in the middle computation, which is similar to
“partial products methods” that some students may have used for multiplication in the elementary grades. The
common algorithm on the right is merely an abbreviation of the partial products method.

The new idea in this standard is called closure: A set is closed under an operation if when any two elements are
combined with that operation, the result is always another element of the same set. In order to understand that
polynomials are closed under addition, subtraction and multiplication, students can compare these ideas with the
analogous claims for integers: The sum, difference or product of any two integers is an integer, but the quotient of
two integers is not always an integer.

For polynomials, students need to reason that the sum (difference or product) of any two polynomials is indeed a
polynomial. At first, restrict attention to polynomials with integer coefficients. Later, students should consider
polynomials with rational or real coefficients and reason that such polynomials are closed under these operations.

For contrast, students need to reason that polynomials are not closed under the operation of division:
The quotient of two polynomials is not always a polynomial. For example(x2 + x) =+ x is not a polynomial.
Of course, the quotient of two polynomials is sometimes a polynomial. For example, (x2 -9) =+ (x—3)=x+3.

Continued on next page
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Common Misconceptions: A.APR.1

Some students will apply the distributive property inappropriately. Emphasize that it is the distributive property of
multiplication over addition. For example, the distributive property can be used to rewrite 2(x + y) as 2x + 2y,
because in this product the second factor is a sum (i.e., involving addition). But in the product 2(xy), the second
factor,(xy), is itself a product, not a sum.

Some students will still struggle with the arithmetic of negative numbers. Consider the expression (—3) e (2 + (-2)).
On the one hand, (-3) @ (2 + (—2)) = (-3) ¢ (0) = 0. But using the distributive property, (—3) ® (2 + (-2)) =

(—=3) @ (2) + (—3) ® (—2). Because the first calculation gave 0, the two terms on the right in the second calculation
must be opposite in sign. Thus, if we agree that (—3) e (2) = —6, then it must follow that (—3) e (—2) = 6.

Students often forget to distribute the subtraction to terms other than the first one. For example, students will
write (4x+3)—(2x+1)=4x+3 —2x+1=2x+4ratherthan4x+3—-2x—1=2x+ 2.

Students will change the degree of the variable when adding/subtracting like terms. For example, 2x + 3x = 5x°
rather than 5x.

Students may not distribute the multiplication of polynomials correctly and only multiply like terms. For example,
they will write (x + 3)(x — 2) = x* — 6 rather than x* — 2x + 3x — 6.
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Algebra: Arithmetic with Polynomials and Rational Expressions (A-APR)

Cluster: Understand the relationship between zeros and factors of polynomials.

Standard: A.APR.2 Know and apply the Remainder Theorem: For a polynomial p(x) and a number a, the
remainder on division by x — a is p(a), so p(a) = 0 if and only if (x — a) is a factor of p(x). Know and apply the
Remainder Theorem: For a polynomial p(x) and a number g, the remainder on division by x — a is p(a), so p(a) = 0 if
and only if (x — a) is a factor of p(x).

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.8 Look for and express regularity in repeated reasoning
MP.3 Construct viable arguments and critique the reasoning of others.

Connections: A.APR.2-3; A.SSE.3a; A.APR.1
This cluster is about the relationship between the factors of a polynomial, the zeros of the function defined by the
polynomial, and the graph of that function.

Explanations and Examples: A.APR.2
Understand how this standard relates to A.SSE.3a.
Understand that a is a root of a polynomial function if and only if x-a is a factor of the function.

The Remainder theorem says that if a polynomial p(x) is divided by x — a for some number g, then the remainder is
the constant p(a). Thatis, p(x)=q(x)(x—a)p(a).So if p(a) =0, then p(x) = q(x)(x — a).

Examples:
o Let p(x)= X —3x*+8x*—9x+30 Evaluate p(-2).
What does your answer tell you about the factors of p(x)?

Solution: p(-2) =0, so x + 2 is a factor of p(x).

e Consider the polynomial function:  P(x) = x* - 3x* + ax® - 6x + 14, where a is an unknown real number.

If (x-2) is a factor of this polynomial, what is the value of a?

Solution:

By the Remainder Theorem, if (x-2) is a factor of P(x), then P(2) must equal zero.
Therefore, P(2)=16-3-8+a:4—-6-2+14=0. Simplifying, we findthat4a—-6=0,and a= 3/2.

The purpose of this task is to emphasize the use of the Remainder Theorem as a method for determining
structure in polynomial in equations, and in this particular instance, as a replacement for division of polynomials

One possible solution path is to use polynomial division to divide P(x) by (x-2) and determine the remainder in
terms of a and then solve for a by setting the remainder equal to zero. However, the division operation
becomes unwieldy with the unknown parameter a in play. A more straightforward approach is to use the
Remainder Theorem.

Continued on next page
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Instructional Strategies: A.APR.2-3

As discussed for the previous cluster (Perform arithmetic operations on polynomials), polynomials can often be
factored. Even though polynomials (i.e., polynomial expressions) can be explored as mathematical objects
without consideration of functions, in school mathematics, polynomials are usually taken to define functions.
Some equations may include polynomials on one or both sides. The importance here is in distinction between
equations that have solutions, and functions that have zeros. Thus, polynomial functions have zeros.

This cluster is about the relationship between the factors of a polynomial, the zeros of the function defined by the

polynomial, and the graph of that function. The zeros of a polynomial function are the x-intercepts of the graph
of the function.

Through some experience with long division of polynomials by (x — a), students get a sense that the quotient is
always a polynomial of a polynomial that is one degree less than the degree of the original polynomial, and that the
remainder is always a constant. In other words, p(x) = g(x)(x — a) + r. Using this equation, students reason that
pl(a) =r. Thus, if p(a) =0, then the remainder r = 0, the polynomial p(x) is divisible by (x — a) and (x — a) is a factor
of p(x). Conversely, if (x — a) is a factor of p(x), then p(a) = 0.

Whereas, the first standard specifically targets the relationship between factors and zeros of polynomials, the
second standard requires more general exploration of polynomial functions: graphically, numerically, verbally and
symbolically.

Through experience graphing polynomial functions in factored form, students can interpret the Remainder
Theorem in the graph of the polynomial function. Specifically, when (x — a) is a factor of a polynomial p(x), then
p(a) =0 and therefore x = a is an x-intercept of the graph y = p(x). Conversely, when students notice an x-
intercept near x = b in the graph of a polynomial function p(x), then the function has a zero near x = b , and p(b}
is near zero. Zeros are located approximately when reasoning from a graph. Therefore, if p(b}is not exactly
zero, then (x — b) is not a factor of p(x).

Students can benefit from exploring the rational root theorem, which can be used to find all of the possible
rational roots (i.e., zeros) of a polynomial with integer coefficients. When the goal is to identify all roots of a
polynomial, including irrational or complex roots, it is useful to graph the polynomial function to determine the
most likely candidates for the roots of the polynomial that are the x-intercepts of the graph.

When at least one rational root x = r is identified, the original polynomial can be divided by x — r, so that additional
roots can be sought in the quotient. Long division will suffice in simple cases. Synthetic division is an abbreviated
method that is less prone to error in complicated cases, but Computer Algebra Systems may be helpful in such cases.
Graphs are used to understand the end-behavior of nth degree polynomial functions, to locate roots and to infer the
existence of complex roots. By using technology to explore the graphs of many polynomial functions, and
describing the shape, end behavior and number of zeros, students can begin to make the following informal
observations:

e The graphs of polynomial functions are continuous.

e An n" degree polynomial has at most n roots and at most n - 1 “changes of direction” (i.e., from increasing to

decreasing or vice versa).
e An even-degree polynomial has the same end-behavior in both the positive and negative directions: both

heading to positive infinity, or both heading to negative infinity, depending upon the sign of the leading
coefficient.

e An odd-degree polynomial has opposite end-behavior in the positive versus the negative directions,
depending upon the sign of the leading coefficient.
e An odd-degree polynomial function must have at least one real root.
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Algebra: Arithmetic with Polynomials and Rational Expressions (A-APR)

Cluster: Understand the relationship between zeros and factors of polynomials.

Standard: A.APR.3 Identify zeros of polynomials when suitable factorizations are available, and use the zeros
to construct a rough graph of the function defined by the polynomial.

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving them.
MP.2 Reason abstractly and quantitatively. MP.5 Use appropriate tools strategically.
MP.4 Model with mathematics. MP.8 Look for and express regularity in repeated reasoning.

Connections: A.SSE.3a; A.APR.1
This cluster is about the relationship between the factors of a polynomial, the zeros of the function defined by the
polynomial, and the graph of that function.

Explanations and Examples: A.APR.3

Identify the multiplicity of the zeroes of a factored polynomial and explain how the multiplicity of the zeroes provides
a clue as to how the graph will behave when it approaches and leaves the x-intercept.

Sketch a rough graph using the zeroes of a polynomial and other easily identifiable points such as the y-intercept.

Graphing calculators or programs can be used to generate graphs of polynomial functions.

Example:
e Factor the expression x>+ 4x* — 59x —126 and explain how your answer can be used to solve the equation
x>+ 4x* —59x —126 = 0.

Explain why the solutions to this equation are the same as the x-intercepts of the graph of the function
fix) = x>+ 4x* — 59x —126.

Instructional Strategies: A.APR.3

Graphs are used to understand the end-behavior of nth degree polynomial functions, to locate roots and to infer the
existence of complex roots. By using technology to explore the graphs of many polynomial functions, and
describing the shape, end behavior and number of zeros, students can begin to make the following informal
observations:

e The graphs of polynomial functions are continuous.

e An n" degree polynomial has at most n roots and at most n - 1 “changes of direction” (i.e., from increasing to

decreasing or vice versa).
e An even-degree polynomial has the same end-behavior in both the positive and negative directions: both

heading to positive infinity, or both heading to negative infinity, depending upon the sign of the leading
coefficient.

e An odd-degree polynomial has opposite end-behavior in the positive versus the negative directions,
depending upon the sign of the leading coefficient.

e An odd-degree polynomial function must have at least one real root.

| |
| |
| | A.APR.3
| |
| |






Algebra: Arithmetic with Polynomials and Rational Expressions (A-APR)

Cluster: Use polynomial identities to solve problems.

Standard: A.APR.4 Prove polynomial identities and use them to describe numerical relationships.
For example, the polynomial identity (x’+y°)* = (x’— y°)* + (2xy)’ can be used to generate Pythagorean triples.

Suggested Standards for Mathematical Practice (MP):

MP.7 Look for and make use of structure.
MP.8 Look for and express regularity in repeated reasoning.

Connections:

When students “see structure in expressions,” they are more likely to use these identities productively in solving
problems.

Explanations and Examples: A.APR.4

Understand that polynomial identities include but are not limited to the product of the sum and difference
of two terms, the difference of two squares, the sum and difference of two cubes, the square of a binomial, etc .

Prove polynomial identities by showing steps and providing reasons and describing relationships
(e.g. determine 81% - 80° by applying differences of squares which leads to (81 + 80)(81-80) = 161.

lllustrate how polynomial identities are used to determine numerical relationships such as
25”=(20+5)*=20" +29205+5°

Examples:

e Use the distributive law to explain why x* = y* = (x — y)(x + y) for any two numbers x and y.
e Derive the identity (x — y)> = x* = 2xy + y*from (x + y)> = x> + 2xy + y* by replacing y by —y.

e Use an identity to explain the pattern

2°-1*=3
3°-2°=5
42-32=7
5°-4%=9

Solution: (n + 1)* - n® = 2n + 1 for any whole number n.

Continued on next page




Instructional Strategies: A.APR.4

In Grade 6, students began using the properties of operations to rewrite expressions in equivalent forms. When
two expressions are equivalent, an equation relating the two is called an identity because it is true for all values of
the variables. This cluster is an opportunity to highlight polynomial identities that are commonly used in solving
problems. To learn these identities, students need experience using them to solve problems.

Students should develop familiarity with the following special products:
2 2 2
(x+y) =x +2xy+y
2 2 2
(x-y) =x -2xy+ty
2 2
(x+y)x-y)=x-y

(x+a)x+b)=x +(a+b)x+ab
(x+ y)3 = x3+ 3x2y + 3xy2 + y3
(x - y)3 =x - 3x2y + 3xy2 —y3

Students should be able to prove any of these identities. Furthermore, they should develop sufficient fluency with
the first four of these so that they can recognize expressions of the form on either side of these identities in order
to replace that expression with an equivalent expression in the form of the other side of the identity.

e With identities such as these, students can discover and explain facts about the number system.
For example, in the multiplication table, the perfect squares appear on the diagonal. Diagonally, next to
the perfect squares are “near squares,” which are one less than the perfect square. Why?

e Whyis the sum of consecutive odd numbers beginning with 1 always a perfect square?

e Numbers that can be expressed as the sum of the counting numbers from 1 to n are called triangular
numbers.
What do you notice about the sum of two consecutive triangular numbers? Explain why it works.

e The sum and difference of cubes are also reasonable for students to prove. The focus of this proof
should be on generalizing the difference of cubes formula with an emphasis toward finite geometric
series.
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Algebra: Arithmetic with Polynomials and Rational Expressions (A-APR)

Cluster: Rewrite rational expressions.

Standard: A.APR.6 Rewrite simple rational expressions in different forms; write a(x)/b(x) in the form

q(x) + r(x)/b(x), where a(x), b(x), g(x), and r(x) are polynomials with the degree of r(x) less than the degree of b(x),
using inspection, long division, or, for the more complicated examples, a computer algebra system.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of structure.
MP.5 Use appropriate tools strategically. MP.8 Look for and express regularity in repeated reasoning.

Connections:

A.SSE Seeing Structure in Expressions. The arithmetic of rational expressions is fundamentally about seeing the
same structure in rational expressions as the arithmetic of rational numbers (i.e., fractions).

Explanations and Examples: A.APR.6

The limitations on rational functions apply to the rational expressions in A-APR.6.
Define rational expressions.

Determine the best method of simplifying a given rational expression.

ax rix
Rewrite rational expressions, —], in the form g( x) +ﬁ by using factoring, long division, or synthetic division.
X

bix
The polynomial g(x) is called the quotient and the polynomial r(x) is called the remainder. Expressing a rational
expression in this form allows one to see different properties of the graph, such as horizontal asymptotes.

Use a computer algebra system for complicated examples to assist with building a broader conceptual
understanding.

Examples:

. . . . X =3x2+x-6 .
e Find the quotient and remainder for the rational expression ————— anduse them to write the
X +2
expression in a different form.

e Express f(x)= 2x+1

in a form that reveals the horizontal asymptote of its graph.

2x+1 = Ax-1)+3 = Ax=1) + 3 = 2+i, so the horizontal asymptote is y = 2.

Solution: f(x)=
x—1 x—1 x—1 x—1 x-1

Continued on next page




Instructional Strategies: A.APR.6

This cluster is the logical extension of the earlier standards on polynomials and the connection to the integers.
Now, the arithmetic of rational functions is governed by the same rules as the arithmetic of fractions, based first
on division.

(x) rix)

i
In particular, in order to write — in the form g( x) + ,
b(x) b(x)

students need to work through the long division
described for A.APR.2-3. This is merely writing the result of the division as a quotient and a remainder.

For example, we can rewrite 75/8 in the form 9 + 3/8. Note that the fraction 75/8 is interpreted as the division 75 + 8§,
so that 75 is the dividend and 8 is the divisor. The result indicates that 9 is the quotient and 3 is the remainder.
Note that for division of integers, we expect the remainder to be between 0 and the divisor, which in this case is 8.
(If the remainder were greater than or equal to 8, we could subtract another 8, and increase the quotient by 1.)

In order to rewrite simple rational expressions in different forms, students need to understand that the rules
governing the arithmetic of rational expressions are the same rules that govern the arithmetic of rational
numbers (i.e., fractions). To add fractions, we use a common denominator:

a+c _ad.+bc _ad+bc
b'd bd bd  bd
aslongas b, d#0. Although in simple situations, a, b, ¢, and d would each be whole numbers, in fact they

can be polynomials. So now supposethata=2,b=(x-1),c=x,andd=(x+ 1), then

2 x  2x+1 (x—Dx  2(x+D+(x—-1Dx
17371 G-DerD) x-Dx+D)  x-Dx+D

And then the numerator can be simplified further:

_2x+2+x2—x_ xZ2+x42
C (x—D(x+1) (x—-D(x+1)

In order to meet A.APR.6, students will need some experiences with the arithmetic of simple rational expressions.
For most students, the above example helps illustrating the similarity of the form of the arithmetic used with
rational expressions and the form of the arithmetic used with rational numbers.

Common Misconceptions: A.APR.6

Students with only procedural understanding of fractions are likely to “cancel” terms (rather than factors of) in the
numerator and denominator of a fraction. Emphasize the structure of the rational expression: that the whole
numerator is divided by the whole denominator. In fact, the word “cancel” likely promotes this misconception.

It would be more accurate to talk about dividing the numerator and denominator by a common factor.
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Algebra: Creating Equations* (A-CED)

Cluster: Create equations that describe numbers or relationships.

Standard: A.CED.1 Create equations and inequalities in one variable and use them to solve problems. Include
equations arising from linear and quadratic functions, and simple rational and exponential functions. (%)

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving them.  MP.4 Model with mathematics.
MP.2 Reason abstractly and quantitatively. MP.5 Use appropriate tools strategically.

Connections: A.CED.1-4

Working with expressions and equations, including formulas, is an integral part of the curriculum in Grades 7 and 8.
In high school, students explore in more depth the use of equations and inequalities to model real-world problems,
including restricting domains and ranges to fit the problem’s context, as well as rewriting formulas for a variable of
interest.

Explanations and Examples: A.CED.1

In Algebra 1 limit A.CED.1 and A.CED.2 to linear and exponential equations, and, in the case of exponential equations, limit
to situations requiring evaluation of exponential functions at integer inputs. Start with work on linear and exponential
equations, then, later in the year, extend to quadratic equations.

In Algebra 2 use all available types of functions to create such equations, including root functions but constrain to simple
cases.

Create linear, quadratic, rational and exponential equations and inequalities in one variable and use them in a
contextual situation to solve problems.

Equations can represent real-world and mathematical problems. Include equations and inequalities that arise when
comparing the values of two different functions, such as one describing linear growth and one describing
exponential growth.

Examples:

e Given that the following trapezoid has area 54 cm’, set up an equation to find the length of the unknown base,
and solve the equation. 10 cm

e Lava coming from the eruption of a volcano follows a parabolic path. The height h in feet of a piece of lava t
seconds after it is ejected from the volcano is given by h(t) = —16t> + 64t +936. After how many seconds does
the lava reach its maximum height of 1000 feet?

e The value of an investment over time is given by the equation A(t) = 10,000(1.03)". What does each part of the
equation represent?

Solution: The $10,000 represents the initial value of the investment. The 1.03 means that the investment will

row exponentially at a rate of 3% per year for t years.
8 P y °pery y Continued on next page

55

A.CED.1



Explanations and Examples: A.CED.1

e You bought a car at a cost of $20,000. Each year that you own the car the value of the car will decrease at a
rate of 25%. Write an equation that can be used to find the value of the car after t years.

Solution: C(t) = $20,000(0.75)". The base is 1 —0.25 = 0.75 and is between 0 and 1, representing exponential
decay. The value of $20,000 represents the initial cost of the car.

e Suppose a friend tells you she paid a total of $16,368 for a car, and you'd like to know the car's list price (the
price before taxes) so that you can compare prices at various dealers. Find the list price of the car if your
friend bought the car in:

a. Arizona, where the sales tax is 5.6%.
b. New York, where the sales tax is 8.25%.
c. Astate where the sales tax s r.

Solution:
a. If pis the list price in dollars then the tax on the purchase is 0.056p. The total amount paid is p+0.056p , so

p +0.056p (1+0.056) = 16,368
(1+0.056)p = 16,368

= 5% _¢15,500
P=1T0056 2%

b. The total amount paid is p+0.0825p, so
p +0.0825p = 16,368

(1+0.0825)p = 16,368

16,368
P=1T00325 - $15,120.55.
c. The total amount paidisp +rp, so
p+rp=16,368
(1+r)p=16,368
16,368
p= dollars.
1+r

Instructional Strategies: A.CED.1-4

Provide examples of real-world problems that can be modeled by writing an equation or inequality. Begin with
simple equations and inequalities and build up to more complex equations in two or more variables that may
involve quadratic, exponential or rational functions.

Discuss the importance of using appropriate labels and scales on the axes when representing functions with graphs.

Examine real-world graphs in terms of constraints that are necessary to balance a mathematical model with the
real-world context. For example, a student writing an equation to model the maximum area when the perimeter of
a rectangle is 12 inches should recognize that y = x(6 — x) only makes sense when 0 < x < 6. This restriction on the
domain is necessary because the side of a rectangle under these conditions cannot be less than or equal to 0, but
must be less than 6. Students can discuss the difference between the parabola that models the problem and the
portion of the parabola that applies to the context.

Continued on next page
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Instructional Strategies: A.CED.1-4

Explore examples illustrating when it is useful to rewrite a formula by solving for one of the variables in the formula.
For example, the formula for the area of a trapezoid (A =% h(b1 + by ) ) can be solved for h if the area and lengths of
the bases are known but the height needs to be calculated. This strategy of selecting a different representation has
many applications in science and business when using formulas.

Provide examples of real-world problems that can be solved by writing an equation, and have students explore the
graphs of the equations on a graphing calculator to determine which parts of the graph are relevant to the
problem context.

Use a graphing calculator to demonstrate how dramatically the shape of a curve can change when the scale of the
graph is altered for one or both variables.

Give students formulas, such as area and volume (or from science or business), and have students solve the
equations for each of the different variables in the formula.

Common Misconceptions: A.CED.1-4

Students may believe that equations of linear, quadratic and other functions are abstract and exist only “in a math
book,” without seeing the usefulness of these functions as modeling real-world phenomena.

Additionally, they believe that the labels and scales on a graph are not important and can be assumed by a reader,
and that it is always necessary to use the entire graph of a function when solving a problem that uses that function as
its model.

Students may interchange slope and y-intercept when creating equations. For example, a taxi cab costs $4 for a
dropped flag and charges $2 per mile. Students may fail to see that S2 is a rate of change and is slope while the $4
is the starting cost and incorrectly write the equation as y = 4x + 2 instead of y = 2x + 4.

Given a graph of a line, students use the x-intercept for b instead of the y-intercept.

Given a graph, students incorrectly compute slope as run over rise rather than rise over run. For example, they will
compute slope with the change in x over the change in y.

Students do not know when to include the “or equal to” bar when translating the graph of an inequality.

Students do not correctly identify whether a situation should be represented by a linear, quadratic, or exponential
function.

Students often do not understand what the variables represent. For example, if the height h in feet of a piece of
lava t seconds after it is ejected from a volcano is given by h(t) = -16t> + 64t + 936 and the student is asked to find
the time it takes for the piece of lava to hit the ground, the student will have difficulties understanding that h = 0 at
the ground and that they need to solve for t.







Algebra: Creating Equations* (A-CED)

Cluster: Create equations that describe numbers or relationships.

Standard: A.CED.2 Create equations in two or more variables to represent relationships between quantities;
graph equations on coordinate axes with labels and scales. (%)

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving them.  MP.4 Model with mathematics.
MP.2 Reason abstractly and quantitatively. MP.5 Use appropriate tools strategically.

Connections: See A.CED.1 Common Misconceptions: See A.CED.1

Explanations and Examples: A.CED.2

Algebra 1: Limit A.CED.1 and A.CED.2 to linear and exponential equations, and, in the case of exponential equations,
limit to situations requiring evaluation of exponential functions at integer inputs. Start with work on linear and
exponential equations, then, later in the year, extend to quadratic equations.

Algebra 2: While functions used in A.CED.2, 3, and 4 will often be linear, exponential, or quadratic, the types of
problems should draw from more complex situations than those addressed in Algebra 1. For example, finding the
equation of a line through a given point perpendicular to another line allows one to find the distance from a point to
a line. Find the distance from the point (-2, 5) to the line y =3x + 1.

Examples:

e The formula for the surface area of a cylinder is given by V = r’h, where r represents the radius of the circular
cross-section of the cylinder and h represents the height. Choose a fixed value for h and graph Vvs. r.
Then pick a fixed value for r and graph V vs. h. Compare the graphs.

What is the appropriate domain for rand h? Be sure to label your graphs and use an appropriate scale.

e Goldis alloyed with different metals to make it hard enough to be used n jewelry. The amount of gold
present in a gold ally is measured in 24ths called karats. 24-karat gold is 100% gold. Similarly, 18-karat
gold is 75% gold.

How many ounces of 18-karat gold should be added to an amount of 12-karat gold to make 4 ounces of
14-karat gold? Graph equations on coordinate axes with labels and scales.

e A metal alloyis 25% copper. How much of each alloy should be used to make 1000 grams of a metal alloy that
is 45% copper?

e Find a formula for the volume of a single-scoop ice cream cone in terms of the radius and height of the cone.
Rewrite your formula to express the height in terms of the radius and volume. Graph the height as a function
of radius when the volume is held constant.

Continued on next page
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Explanations and Examples: A.CED.2

David compares the sizes and costs of photo books offered at an online store. The table below shows the cost
for each size photo book.

Book Size Base Price Cost for Each
Additional Page
7-in. by 9-in. S20 $1.00
8-in. by 11-in. S25 $1.00
12-in. by 12-in. S45 $1.50

1. Write an equation to represent the relationship between the cost, y, in dollars, and the number of pages, x, for
each book size. Be sure to place each equation next to the appropriate book size. Assume that x is at least 20
pages.

Book Size Equation

7-in. by 9-in.

8-in. by 11-in.

12-in. by 12-in.

2. What is the cost of a 12-in. by 12-in. book with 28 pages?

3. How many pages are in an 8-in. by 11-in. book that costs $49?

Solution:
1. 7-in.by9-in. y=x
8-in.by 11-in. y=x+5
12-in. by 12-in. y=1.50x+ 15
2. 8§57
3. 44 pages
Instructional Strategies: See A.CED.1
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Algebra: Creating Equations* (A-CED)

Cluster: Create equations that describe numbers or relationships.

Standard: A.CED.3 Represent constraints by equations or inequalities, and by systems of equations and/or
inequalities, and interpret solutions as viab